Local models in the ramified case 
II. Splitting models 

G. Pappas* and M. Rapoport 



Abstract 

We study the reduction of certain PEL Shimura varieties with parahoric level 
structure at primes p at which the group that defines the Shimura variety ramifies. 
We describe "good" p-adic integral models of these Shimura varieties and study their 
etale local structure. In particular, we exhibit a stratification of their (singular) 
special fibers and give a partial calculation of the sheaf of nearby cycles. 
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1 Introduction 

The problem of constructing "good" models of Shimura varieties over the ring of 
integers of the reflex field, or over its completion at some prime ideal, has a long history. 
For Shimura varieties of PEL type, which can be described as moduli spaces of abelian 
varieties, it is desirable to define such a model by a suitable extension of the moduli 
problem. The ultimate goal is to calculate the Hasse-Weil zeta function. For the local 
factor of the zeta function at a prime ideal p, this comes down to a counting problem. 
Namely, in the case of good reduction, one counts the number of points of the reduction 
modulo p of the model over finite extensions of the residue field. In the case of bad 
reduction, one has to weight those points by the trace of Frobenius on the sheaf of 
nearby cycles. 

In the case of good reduction, good models of PEL Shimura varieties were constructed 
by Kottwitz [K], when the group G defining the Shimura variety has as simple factors 
only groups of type A or C. Furthermore, Kottwitz only considers hyperspecial level 
structure at p. In the more general case of a parahoric level structure, integral models 
were proposed in [RZ]. In two papers, Gortz ([Gl], [G2]) proved that these models are flat 
and have reasonable singularities, provided the group G only involves factors of type A 
or C and splits over an unramified extension of Q p . This follows work of Deligne-Pappas 
[DP] and de Jong [dJ] (we also mention related work by Chai-Norman [CN], Faltings 
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[F2] and Genestier [Ge]). On the negative side, it was shown in [P] that when this last 
condition fails, the models of [RZ] are not flat in general. The aim of this series of papers 
is to find the correct modification of the proposed models of [RZ] in the ramified case, 
to show that these modified models are flat and have reasonable singularities, and to 
calculate the weighting factor in the counting problem mentioned above, i.e. the trace 
of the Frobenius on the sheaf of nearby cycles. By a procedure that is by now well- 
known, these questions reduce to problems on the local models of Shimura varieties. 
The advantage of this approach is that we are then dealing with varieties which can be 
defined in terms of linear algebra. This is the point of view taken in this paper. In 
the last section we indicate the implications of our results for the original problem of 
constructing suitable models of Shimura varieties. 

Assume that the group G defining the Shimura variety splits over a ramified extension 
of Q p . As was mentioned above, in this case the "naive" local models of [RZ] are not flat 
in general. One wants to define closed subschemes of the naive local models which are 
flat and to understand the structure of their special fibers. Two typical cases in which 
ramification occurs for a PEL Shimura variety are the following: 

(i) Gq p is of the form Gq p = Res^yq G', where G' is a quasi-split group over F 
which splits over an unramified extension of F and F/Q p is a ramified extension. 

(ii) Gq p is the group of unitary similitudes corresponding to a ramified quadratic 
extension of Q p . 

The case (ii), first addressed in [P], presents challenges that are of different nature 
from those in case (i) (but compare Remark 114.21 below) . We intend to take up this case 
in subsequent work. Here we will be concerned with the case (i). Although we will only 
consider the cases where G' = GLd or G' = GSp 2s , our method applies more generally, 
comp. section 1141 Loosely speaking, the method developed here allows us to deal with 
ramification caused by restriction of scalars. In this introduction we will concentrate on 
the case G' = GL^ which brings out better the outlines of our approach. 

Let Fq be a complete discretely valued field with ring of integers Op and perfect 
residue field. Let F be a totally ramified extension of degree e contained in a fixed 
separable closure Fq CP of Fq. Let Of be the ring of integers of F and tt a uniformizer 
which is the root of an Eisenstein polynomial Q(T) G Of [T]. Let K be the Galois hull 
of F in -Fq 6P , with ring of integers Ok and residue field k! . 

Let V be an F- vector space of dimension d. Fix an i^-basis ei, . . . , of V and let 
Aj, < i < d — lbe the Op-lattice in V spanned by vr _1 ei, . . . , 7r -1 ej, ej+i, . . . , e<j. For 
a subset I = {i$ < ■ • • < i m -i} C {0, . . . , d — 1} we obtain a periodic lattice chain Aj in 
V which is given by all multiples of the lattices Aj with i E I. 

Choose for each embedding ip : F — > Fq CP an integer r v with < r« < d. Set r = £7%. 
Then the naive local model Mf aive = M naivc (C^, A/, r) associated to the lattice chain 
Aj and to r = (r„) parametrizes points Fj in the Grassmannian of subspaces of rank r 
of Aj^5 = Ai. ®o Fq @s which are Op-stable and on which the representation of Of is 
prescribed in terms of r, and which are compatible with varying j = 0, . . . , m — 1. It is 
a projective scheme defined over Spec Oe, where E = E{V,r) is the reflex field. Let k 
be the residue field Oe- A fact which is important for our analysis is that the special 
fiber of Mf a,lve can be considered as a closed subscheme of the affine partial flag variety 



2 



Flj = GL d (k[[U]])/Pj, 

i : M} iaivc <8) 0b fc Fl/ . 

We choose an ordering of the embeddings (p. The basic new ingredient of the present pa- 
per is the splitting model Mi = M (Of, A/, r). This is a projective scheme over Spec Ok 
representing the functor which to an O^-scheme S associates the set of commutative 
diagrams of Of ®0 Fq Cs-morphisms resp. -inclusions, 
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which satisfy the following conditions: 

a) T\ is locally on S an 0s-direct summand of Aj t) s of rank X^=i r « • 

b) For each a £ Op and j = 1, . . . , e 

(a®l-l®^-(a))(^)c^ -1 . 
Here we have set .7^ = (0). 
We obtain an O^-morphism 

ni : Ml ^ M p™ c ® 0e O k , 

given by {P t }t,j ' — ► 

Our crucial observation is that Mi can be identified with a twisted product of un- 
ramified local models for GL<j over Ok-, M\ = M(Ok,&i ®o F m Ok,ti), for I = 1, . . . , e: 

Mi = Mjx ...xMf . 

Let us define the canonical local model Mp an as the scheme-theoretic image of the com- 
posed morphism 

Mi M 7 naivc Oe K — ► Mf aive . 
We may then state the following result: 

Theorem A: a) Mf an is the flat closure of the generic fiber jWy aive ®q e E in Mf aiye , 
and it coincides with the local model M) oc defined in [PR], §#. Its special fiber is reduced, 
and all its irreducible components are normal and with rational singularities. 
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b) The special fiber M| an ®o E k * s un i° n of the Schubert strata in Fl/ for all 
w € Wi \ W /Wj in the /i- admissible set ([KR]), for \x = u> ri + . . . + oj re , 

M?*® OE k= |J O w . 

to€Adm/(^) 

Here W denotes the extended affine Weyl group for GL^ and Wi the parabolic subgroup 
corresponding to /. 

The basic ingredients of the proof of Theorem A are the presentation of the splitting 
model as a twisted direct product of unramified local models and the results of Gortz [Gl] 
on these unramified local models. We also need results of Haines-Ngo [HN2] and Gortz 
[G3] on affine Weyl groups. When the integers r v differ by at most one amongst each 
other, we conjecture that Mj an = Mj? aive , comp. [PR]. Similarly, it seems reasonable to 
expect in the symplectic case that the canonical local model coincides with the naive local 
model, i.e., that the naive local model is flat in this case, comp. [G3]. Theorem A seems 
to indicate that Mj an is the "correct" way to extend its generic fiber into an integral 
model. Even though M| an does not represent a good moduli problem, the geometric 
points of M| an ®o E k can be described as a subset of Mp aive ®o E ^ an d M| an satisfies 
a maximal property with respect to the morphism from Mj to Mp aive . The situation is 
therefore quite similar to the solution of an orbit problem by its coarse moduli space. 

Our second use of the presentation of Mi as a twisted direct product of unramified 
local models concerns the calculation of the complex of nearby cycles of Mf an . Let us 
assume that the residue field k of Oe is finite. Let us denote by 

/i /f can 

mp = m(Mf™ ® 0e o K /o K )Q e [d] (f ) 

the adjusted complex of nearby cycles, where d denotes the relative dimension of M| an . 
This is a perverse Q^-sheaf on Mp an ®o E k, which we may regard as a P/-equivariant 
perverse Q^-sheaf on Flj ®fc k, equipped with an action by Gal(FQ Cp /K). 

Theorem B: There is an isomorphism of perverse Qg-sheaves with Gal(FQ 6p / K)- action 

R^ K ' = R^x 1 *■■■* R^ K T ■ 

Here on the right hand side there appears the convolution in the sense of Lusztig of 
the adjusted complexes of nearby cycles of the unramified local models Mj, j = 1, . . . , e. 
The latter perverse sheaves on Flj 0k k are known due to the solution of the Kottwitz 
conjecture by Haines and Ngo [HN1]. 

In section^]we extend our construction of the splitting model to the general ramified 
PEL case. The splitting model comes equipped with a morphism to the naive PEL local 
model of [RZ] . The scheme-theoretic image of this morphism is a closed subscheme of the 
naive local model; as our examples indicate, it is reasonable to expect that in many cases 
(see i j!4l for details) this is the "canonical" flat local model. However, as A. Genestier 
pointed out to us, this is not true for the even orthogonal group. Also, this is not true in 



4 



general in the case of a unitary group corresponding to a ramified quadratic extension. 
However, we believe that even in these cases the methods of the present paper will turn 
out to be useful. In the last section we briefly indicate how to construct integral models 
of the relevant moduli spaces of abelian varieties with additional structure, defined by 
the splitting local models and canonical local models. 

We thank V. Drinfeld, A. Genestier, U. Gortz and T. Haines for interesting discus- 
sions and the referees for their remarks and suggestions. 



2 General notations 

Most of the time, we will follow the notations and assumptions of [R-P], §2. In particular, 
Fq is a complete discretely valued field with ring of integers Of , uniformizer ttq and 
perfect residue field. We fix a separable closure Fq BP of Fq. Let F be a totally ramified 
separable extension of degree e of -Fo with ring of integers Of- Let ir be a uniformizer 
of Of which is a root of the Eisenstein polynomial 

e-1 

(2.1) Q(T) = T e + Y J hT k , b e7T -0 Fo , b k e (vro). 

k=0 

Let us denote by K the Galois hull of F in F^ p and let Ok be the ring of integers of 
K; denote by k' the residue field of Ok- Let us choose an ordering of the embeddings 
4> : F — > Fq SP and for i £ {1, • • • , e} let us set aj = <fo(7r). We have 

(2.2) O F0 [T]/(Q(T))cOf 
given by T <—> it. For % = 1, . . . , e, we set 

e i— 1 

(2.3) Q l (T) = H(T - a,), Q t (T) = [J(T - aj) € O k [T], O k ] = O k [T]/{Q\T)) , 

j=i j=l 

so that Q l {T) = Q(T), and Qi{T)($(T) = Q{T). There are natural surjective O k - 
algebra homomorphisms 

4> l : Of ®o Fo O k ^ O k [T]/{Q{T)) -> O k [T]/(Q\T)) = O k ] 

obtained by sending it ® 1 to T. 
There are exact sequences 

O k [T]/(Q(T)) O k [T]/(Q(T)) Ql S ] Ok[T]/(Q(T)) , 

O k [T]/(Q(T)) Ok[T]/(Q(T)) O k [T]/(Q(T)) , 

with the image and the kernel of each morphism Ox-free. We conclude that if S is an 
O^-scheme, there are functorial isomorphisms 

(2.4) Of ® OK O s ^ Im(Q,(T) | O s [T\/(Q(T))) = ker(Q J (T)| O s [T]/(Q(T))) , 
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the first one obtained by multiplying with Qi(T). 

Part I 

3 The "naive" local models for G = Res^y^GLd 

Now let V be an F- vector space of dimension d. Fix an F-basis e\, . . . of V and let A i: 
< i < d — 1, be the free Op-module of rank d with basis e\ := 7r _1 ei, . . . , e\ := 7r _1 ej, 
e l+i := e «+i> • • • > e d := Let us choose a subset / = {iq < ■ ■ ■ < i m -i} C {0, . . . , d — 1} 
and consider the Op-lattice chain Aj in V which is given by all multiples of the lattices 
Aj with i G I. 

Let us choose for each embedding (p : F — > Fq CP an integer r v with < < d. Set 
r = r 4>- Associated to these data we have the reflex field E, a finite extension of F 
contained in Fq 6P with 

(3.1) Gal(F scp /£) = {a e Gal(F scp /F ); r aip = r v , V</?} . 

We also have a cocharacter p : G m /F Q scp -» (Res F/Fo GL d )/F scp given by (l r *, d-r *)^. 
The conjugacy class of /i is defined over the reflex field E. Let Op be the ring of integers 
in E and A: its residue field. 

The "naive" local model M 7 naive = M(C F ,A 7 ,r) of [RZ], Definition 3.27 for G = 
Resp/p GLd, the cocharacter jjl and the lattice chain A/, is the Op-scheme which rep- 
resents the following functor: To each Op-scheme S, we associate the set M" mc (5) of 
collections {Ft}t of Op ^>o Fq Og-submodules of Aj tj g := Aj t <8>o Fo ®s which fit into a 
commutative diagram 

K ,S K U S -> ••• A i m -i,S ^> Aj 0)5 

u u u u 

(with the morphisms Aj 4i g — > Aj i+lj g of the first row induced by the lattice inclusions 
Ai t — > Aj t+1 ). We require the following conditions: 

i) jF t is Zariski locally on 5 a Og-direct summand of Aj (; g of rank r, 

ii) for a G Op, we have 

det(a | F t ) = Y[<l>(a) r + , 

where this last identity is meant as an identity of polynomial functions on Op (comp. 
[K], or [RZ], 3.23 (a)). 

It is clear that this functor is represented by a projective scheme over Spec Op. 

Consider the group scheme Qj over Spec Op 

(3.2) := Aut^A/) 
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with 5-valued points the Of ®o Fq Os-automorphisms of the lattice chain A/ <&o Fo ®S- 
A simple extension of the arguments of [RZ] Appendix (see loc. cit., Proposition A. 4, 
also [P] Theorem 2.2) shows that Qj is smooth over SpecOp , comp. Remark 13 . 1 1 b elow . 
Often we will use the base change of Qi to Spec0£, which we will denote by the same 
symbol. 

Remark 3.1 The arguments of the proof of [RZ] Proposition A. 4 carry over with es- 
sentially no changes to the following situation. Let (Fq, Of , 7To) be as in section |2I Let 
O be an 0p o -order in a semi-simple Fo-algebra O ®o Fo Fq. For the purposes of the 
present paper we may assume that O is commutative, i.e. O ®o Fq Fq is a product of 
field extensions of i*b- Let II £ O be an element with ttq € (II). ( Let us remark that in 
loc. cit. it is assumed in addition that O is a maximal order and IT gives a uniformizer 
in each component of O ®o F Fq.) Let V be a finite-dimensional i*b-vector space which 
is an O ®o Fq -Fo-nic-dule. An O-lattice in V is a C?p -lattice in V stable under O. A 
(O, II) -periodic lattice chain is a chain of inclusions of CMattices in V, 

C Aj_i cAjC... , i 6 Z , 

such that 

(i) 3r : A;_ r = ITA^ , Mi G Z. 

(ii) Aj/Aj_i is a free O/nO-module V* G Z. 
Let us fix a (O, II)-periodic lattice chain C. 

locally nilpotent on S. A chain of O <8>o Fq @s 
chain of O ®o Fo C^-module homomorphisms, 

such that the following conditions are satisfied. 

(i) r = n. 

(ii) Locally on S there exist isomorphisms of O ®o Fq Os-modules, 

Mi ~ Ai ®o Fo O s , Mi/giMi-x) ~ K/K-i ®o Fo O s . 

The proof of Prop. A. 4 of loc. cit. shows then that any chain {Mi} of O ®o Fq Os~ 
modules of type (£) on S is locally on S isomorphic to C ®o F @s, an d that the functor 
on (Sch/S), 

S > Aut({Af, O s ,}) 
is representable by a smooth group scheme over S. 

4 Affine flag varieties for GL^ 

If R is a /c-algebra, a lattice in R((Jt)) d is by definition a sub-i?[ [II]] -module C of i?((n)) rf 
which is locally on Speci? free of rank d and such that £<8>.R[[rrj] -^((n)) = R((H)) d . (Here 
i?[[II]], resp. R((H)) denotes the power series ring, resp. Laurent power series ring in 
the indeterminate LT over R). Equivalently, a lattice is a sub-i2[ [IT]] -module C of R{{Ii)) d 



Let S be a 0F o -scheme such that ttq is 
-modules of type (£) on S is given by a 
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such that U N R[[U]] d C C C U- N R[[U]] d for some N and such that U- N R[[ir]] d /£ is a 
locally free i?-module. 

Recall ( [BL] ) that the afhne Grassmannian Gr over k associated to GL d is the 
Ind-scheme over Spec k which represents the functor on fc-algebras which to a /c-algebra 
R associates the set of lattices C in R((U)) d . The affine Grassmannian can be identified 
with the fpqc quotient GL d (fc((II)))/GL d (A;[[ri]]) where GL d (&((II))), resp. GL d (fc[[II]]) 
is the Ind-group scheme, resp. group scheme over Spec A; whose i?-rational points is 
GL d (i2((n))), resp. GL d (i?[[n]]). 

For each % £ {0, ... ,d— 1}, we will denote by Aj the k[ [II]] -lattice in 

fc((n)) d = A;((n))e 1 ©---efc((n))e d 

which is generated by II -1 ei, . . . , II _1 ej, e i+1 , . . . , e d . 

Denote by Pj, resp. Pj, the parahoric subgroup scheme of GL d (&((II))), resp. 
SL d (fc((II))), whose fc-valued points stabilize the lattice chain 

(4.1) A io C A h C • • • C Aj m _ 1 c ir . 

If / = {0, . . . , d — 1}, then Pj, resp. P/, is an Iwahori subgroup scheme of GL d (fc((II))), 
resp. SL d (fc((n))). 

For every nonempty subset I = {io < ■ ■ ■ < i m -i} C {0, . . . , d— 1}, we have the partial 
affine flag variety Flj whose i?-rational points parametrize lattice chains in R((U)) d 

(4.2) c c d c • • • c £ m _i c n- 1 ^ 

with £ t+ i/£ t , resp. II _1 i2o/'^m-i locally free i?-modules of rank — i t for t = 
0, . . . , m — 2, resp. (d + io) — i rn -i- 

The affine Grassmannian variety corresponds to the choice / = {0}, while the full 
affine flag variety corresponds to / = {0, . . . , d — 1}. The Ind-group scheme GL d (fc((II))) 
acts on the partial affine flag variety Fl/ and we can identify Fl/ (GL d (fc((n)))-equivariantly) 
with the fpqc quotient 

(4.3) Fl, = GL d ((fc((n)))/P 7 . 



Given r G Z, we may also consider the special partial affine flag variety Flj whose 
i?-rational points parametrize lattice chains in R{(Ii)) d 

(4.4) Co C d C • • • C £ m _i C II- 1 £q 

such that: 

i) Ct+i/Ct, resp. II -1 £o/An-i are locally free P-modules of rank i t +± — it for t = 
. . . m — 2, resp. (d + i ) - i m -i, 

ii) f\ d Co = WR[[U]] d (as a submodule of A d P((n)) d = R((U))). 

The special affine flag varieties FVj for various r are all isomorphic to the fpqc quotient 

SL d (fc((n)))/Pf 
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(as abstract Ind-schemes but not SLrf(/c((n)))-equivariantly, unless r = —io). For I = 
{0}, we obtain the special affme Grassmannian 

Gr r ~ SL,(A;((n)))/SL,(fc[[n]]) . 
Now fix an identification Of ®o Fq k = A;[[II]]/(n e ) and Of ®0 Fo ^-isomorphisms 

K ®o Fq k ~ A it ® k[m k[[U]]/(U e ) 
which induce a /c[[n]]/(II e )-module chain isomorphism 

A/ ®o Fo k-Aj ® k[m k[[U]}/(U e ) . 
Let R be a fc-algebra. For an R- valued point of Mf aivc , we have 

(4.5) T t c K ®o Fo R = K ® k [\n\] ^[[ n ]]/( ne ) • 

Let Ct C Aj t ®fc[[n]] -R[[n]] be the inverse image of Tt under the canonical projection 

A it ® k[m R[[u}} -> A it ® k[m i?[[n]]/(n e ) , 

so that we have 

n e A it ® k[m R[M c A c A it <8) fe[[ n]] #[[n]] . 

Then {A}t gives an i?-valued point of Fl/. In this way, we obtain a morphism 

(4.6) i : M 7 naive ®o B k — ► Flj 
which is a closed immersion (of Ind-schemes) . 

5 The splitting model for G = Res^/^ GLd 

Fix I = {i < ii < ... < 

i m - 1} C {0, ...,d — 1}. Consider the functor A4i — 
M(Op,Aj, r) on (Schemes/Spec Ok) which to a 0^-scheme S associates the set Mi(S) 
of collections {^Fj}j,t of Of ®0 Fq Cs-submodules of Aj tj g which fit into a commutative 
diagram 

Aj ,5 -> Aii,s -> ••• -> Ai m _ ljS ^> A i0j5 
u u u u 

'ire Tre , _ -ire , pe 

^0 — * ^1 -^ m _i — » -^o 

u u u u 

•pe— 1 _ -r-e— 1 pe— 1 pe— 1 

^0 ^1 —►•■■—> ^" m _i — » -^o 

u u u u 

u u u u 

pi , pi _ pi _ pi 

^0 ~ ^ ^ 1 ^ m _i — » -^o 

and are such that: 

a) Fj? is Zariski locally on S a O^-direct summand of Aj t; g of rank X^/=i r «- 
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b) For each a € Of and j = 1, . . . , e, 

(a <g> 1 - 1 <g> (j>j{a)){P t ) C J^ 1 

where the tensor products a <g> 1, 1 ® <^ (a) are in Op ®o F() Os aim where, for each t, we 
set J=f = (0). 

The functor is obviously represented by a projective scheme over Spec Ok- Note 
that there is an O^-morphism 

(5.1) ttj : Aii — > Mf aive ® 0e O k 

given by {T^}tj l— * Indeed, if ^ = .7-jf supports a filtration with the 

above properties, then the characteristic polynomial of the action of a € Of on Tt is 

e 

(5.2) l[(T-<fn(a)r 

i=i 

and therefore Tt satisfies the condition ii) in the definition of M" aive . 
Proposition 5.1 The morphism 717 induces an isomorphism 

ttj <g>o x K:Mi®o K K^ M 7 naive ®o B AT 

on the generic fibers. 

Proof. To each 5-valued point of M™ ve with S a AT-scheme, given by {Tt}t, we can 
associate an S- valued point of Mi by considering, for each k, the filtration {J~t}i asso- 
ciated to the grading on the Of ®o Fq A'-module Tt = Tf given using the decomposition 

Of ®o Fo K ~ ©f =1 AT, a®b^ (o^(a))/=i,..., e . 

This gives a morphism inverse to 717 ®o K K. □ 

For each I = l,...,e, t = 0, . . . , m — 1, set 3* = Aj f <S>o F ,<f>i Ok (an O^-lattice 
in V (8> A') • Denote by E l j the O/^-lattice chain in V ® A" given by the lattices 
{a"H| }t,nez- An "essential" part of the lattice chain E l j is 

c r~ . . . (~ r~ n — 

"io ^- "n ^- ^ "tm-l ^ "i ' 

in the sense that each successive link S| C H', in the total lattice chain rlj is a multiple 
of one of the links in the part above. 

Let Q\ be the group scheme over Spec Ok whose S-points are the Og-automorphisms 
of the chain E l j ®o K Os (once again, a simple extension of [RZ] Prop. A. 4 shows that 
this is a smooth group scheme, comp. Remark IH.1JI . 

Now if S a scheme over Spec (9ft-, we obtain from Az^g a 0% ®o K Og-lattice chain 
Aj s by extending scalars via 

4> l ®o K O s : Of ®o Fq Os O s [T]/(Q(T)) -> O s [T]/(Q l (T)) = ef ®o K O s . 



10 



An argument as in the proof of (|2.4|) . shows that we have functorial isomorphisms of 
chains of Os-modules 

(5.3) E l IjS = Aj ®o F ,^ O s ^ ker(7r - a x \ A\ ® 0k O s ) 

obtained by sending the element A <8> 1 of Aj ®o F ,4>i Os to the image of Q 1+1 (tt) ■ (A ® 1) 
in ® 0k O s . 

Denote by yf the group scheme over Spec Ok whose S'-points are the 0% ®o K Os~ 
automorphisms of the chain Aj s \=A\ ®q k Os (once again we can see that this is a 
smooth group scheme, comp. Remark 13.1(1 . The isomorphism (|5.3|) induces a group 
scheme homomorphism 

(5.4) gf - g\ . 

Now suppose that {J^}j,t is an 5"-valued point of Aii. For I = 1, . . . , e, let us set 

< 5 = ker(Q'(vr) | A^sr/^" 1 ) ; 

this is an Op) ®o K Os-module. We also set 

■z-i> 



V iuS := ker(vr - a, \ A^s/F^ 1 ) = ker(n - a t \ 9^) . 
We have O k ] ®o K Os-module, resp. Os-module, homomorphisms 

resp. 

L it,S ^ L h+i,S> L i m -i,S ~^ 1 io,S 

induced by the Op <&o F Os-module homomorphisms 

^ius/Ff 1 ~* K t+1 ,s/f l t+h A im _ li5 /j^ n 7_ 1 1 Ai^s/j^ -1 
by taking the kernel of Q (jr), resp. of tt — <fii(ir) = tt — aj. 

Proposition 5.2 The formation of9 l it s , resp. of¥\ s> from {^l}j,k commutes with 
base change. 

b) The Ox ®o K Os-module 9\ s , resp. the Os-module T[ s , is locally on S free of 
rank d. 

c) The chain 9\ t s of O k ' ®o K Os-modules given by 

■ ■ • - *i ,s -> • • • -» *L_i,s ^ *<o,s -» • • • 

is Zariski locally on S isomorphic to the chain of G^) ®o K Os-modules A l j <S>o K Os- 
Similarly, the chain l\ s of Os-modules on S given by 

* 1 i ,S J-i m _ x ,5 1 i ,S " " " 

is Zariski locally on S isomorphic to the chain of Os-modules 3^ Os- 
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Proof. The statements for the modules s follow from the corresponding statements 
for the modules ^\ s . Indeed, we can see this fact using the functorial isomorphisms 
()5.3|) and the fact that 

Tl,s = ker(vr - a t \ ¥ it>s ) . 

Write Q'(T) -1 (^ -1 ) for the inverse image of T\~ x C Aj tj s under Ai t} s — > Aj tj s given 
by multiplication by Q l (T). Notice that since Q/(T)(J^~ 1 ) = (0), by ((231) we have 
C Q l (T)(A iuS ). Hence, there is an exact sequence 

- ker(Q l (T) \ A it)S ) - Q> (T)- 1 (J*- 1 ) -> .T^ 1 -> . 

By J23J), ker(Q'(r) | A; t)S ) ~ k iuS /Qi{T)k iuS . Hence, Q l (T)' 1 (J^l' 1 ) is a locally free 
Og-module of rank d(e — I + 1) + X^=i r « whose formation commutes with base change. 
The exact sequence 

-> A it ,g/Q l (T)- 1 (Jl- 1 ) Q X T) - A ifcjS /Q<(T)A it , s -» 

now implies that k ittS / Q l {T)~ l {J^" 1 ) is also Cg-locally free. Hence, Q^T) -1 ^ -1 ) C 
Aj ti s is locally an Og-direct summand. Now 

- Q'(T)- 1 ^- 1 )/^- 1 - A k ,s/H' X - K u s/Q l (T)- l {F\- 1 ) - 

implies that ¥ itS = Q l (T)' 1 (F l f l ) / 'T\~ x is a 0$ ®o K C^-module which is locally free 
of rank d(e — l + l) as an O^-module and that its formation commutes with base change 
in S. To show that ^\ s is locally on S a free (£>o K Os-module it is enough to show 
this for S = SpecL, L a field. This is easy to see if L is an extension of K. If L is an 
extension of k', then 0$ ®o K L = L[ir}/(-K e ~ l+1 ). In this case, there is a L[-7r]/(7r e )-basis 
/i, . . . ,fd of Aj t ®o K L and I — l>s±>--->Sd>0 such that 

(5.5) T l k l = LM/(vr e ) • • • • LM/(7r e ) • ^f d . 

Then 

f5 6) ¥ = m/M • 7r '" 1 ~ ai /i g • • • ® L ^\/^ e ) ■ ^- sd fd 

{ ' ' H ' S L[ir]/(7T e ) ■ TT e ~ Sl fl © ■ • • © L[ir]/(lT e ) • TT e ~ Sd fd ' 

which is freely generated over L[-7r]/(7r e ~ i+1 ) by the classes of vr i_1_Sl /i, . . . , '^ l ~ 1 ~ Sd fd- 
It remains to show (c) for 5 , i.e that the chain s is Zariski locally isomorphic 
to the chain A l j ®o K Os- Given (b), an extension of the arguments in the proof of [RZ] 
Prop. A 4, p. 133 shows that it will be enough to prove that the cokernels of 

are Zariski locally on S isomorphic to the ®o K Os-modules (A' t /A| ) ®o K ®s and 
(A' /TA' m _ ) ®o K Os respectively, comp. Remark 13.11 In what follows, we will only 
deal with the case of Wj a — > V?;- <?, the case of a —> Q being similar. Notice 

that A^ t /A| t+1 is a module over /TO^ = O k [T]/(T,Q 1 {T)) ~ 0^/(zz7 e -' +1 ) with 
a uniformizer of Ox- For simplicity of notation, set 

Ri = K /(w e - l+1 ) . 
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The cokernel of ^f it s — ► ^\ t+1 g is a module over R\ ®o K ®S- Hence, it is enough to 
assume that S = Speci? is an affine i?i-scheme and prove the result in this case. In fact, 
since hAj is a Noetherian scheme, we can also assume that R is Noetherian. We can lift 
the i?i-chain A/ i ^ 1 := Aj ®o Fo Ri to a chain of i?i[[T]]-free modules Aj 

A io C A n C • • • C A im _ 1 C T~ 1 Aj 

which are all i?i[[T]]-submodules of Ri((T)) d such that there is an isomorphism of 
i?i[T]/(Q(T)) = O k ®q Fo ^i-chains 

Aj®fl l[P1 ] Ri[[T]]/(Q(T)) ~ Aj jfll . 

Now notice that since each Oj is nilpotent in the elements T — Oj of i?i[[T]] are 
invertible in Ri((T)) and hence the inverse Q l (T)~ 1 makes sense in Ri((T)). The diagram 
corresponding to the R- valued point \T{ }j t t of Mi now provides us with a diagram of 
i?[[T]]-lattices in R((T)) d : 





c 


A^ 


c • 


• ■ c 




c 




U 




u 






U 




u 


Q l (T)~ 1 £ l ~ 1 


c 


Q^r)- 1 ^- 1 


c • 


• • c 




c 


r-^^r)- 1 ^ 1 


U 




u 






U 




u 


^0 


c 


4" 1 


c • 


• • c 




c 




u 




u 






u 




U 


Q(T)^-io,R 


c 


Q(T)A h ,R 


c • 


• • c 


Q{T)A lm _ uR 


c 


r _1 Q(r)Aj 0) ij , 



where A it R = A it CSr^t]] -R[P1L an d \ resp. Q l (T) l C\ 1 , is the inverse image of 
resp. Q'(T) _1 (^ _1 ) under the surjection 

Ai t ,R -> A ltiR ® fl[pi] i?[[T]]/(Q(T)) ~ A^h . 

Each quotient created by the inclusion of any two modules in this diagram is a finitely 
generated locally free i?-module. In particular 

Q\T)^C\-^/Q\T)^C\-' 

is annihilated by T and is R- locally free of rank equal to the rank of Ai t+lt g / Ai u s ■ It 
now follows that the cokernel of 

<,s = Q\TY X L l r x I L l r x - Q l {T)- l C l t -\/C l t -\ = ¥ H+uS 
is isomorphic to 

(q'^-^^/Q^T)- 1 ^ 1 ) ® Rl R l 

and therefore it is a locally free R (gflj -Rj-module of the expected rank. This concludes 
the proof. □ 

Now let M\ := M(0 K ^\,ri) be the ( "unramified" ) local model over Spec Ok for 
G = GL d /K = GL(V ® Fj4>l K), ft given by (V l ,0 d - r '), and the lattice chain ~\ ([RZ]). 
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By definition, Mj = M(Ok, Ej, 77) is the projective scheme over Ok which classifies 
collections {Ft}t of Os-submodules of E| s := S| Os which fit into a commutative 
diagram 

U U U U 

and are such that Tt is Zariski locally on S a Og-direct summand of s of rank rj. 
Let us denote by .M/ the scheme over SpecO^ whose S-points correspond to pairs 

Mj(S) := ({^f}, , {a\})U , 
where is an S-valued point of Mi and for I = 2, . . . , e, 

is an isomorphism of chains of (£>o K Cg-modules. The natural projection morphism 

qi : Mi -> Mi 

is a torsor for the smooth group scheme Yii=2 &l by the ac ti° n 

(5-7) (g l )U ■ {{H\t , Wi}U) = ({Flht , W ■ <?\}U) ■ 

Notice that an isomorphism a\ as above, in view of (|5.3|) . induces an isomorphism of 
chains of C^-modules 

T i '■ ^l,S ~^ a i,s , i* = 2, . . . , e . 
For I = 1, s = A itjS and Q 

gives a canonical isomorphism 
v l : T I,S ~* a i,S ■ 

Now if {J~l}it is an S-valued point of Mi, then since (it — ai)J~t C ^ 1 we can 
consider T\jT\~ as an Os-submodule of T| s = ker(7r — a; | ^\ s ). Consequently, if 

({^Ff}l,t > { <T |}f=2) i s an S-valued point of .M/, then we can consider 
(5-8) <(W)c4 )S . 

For I = 2, . . . , e, the Cg-modules T l it {T\ j T l t ~ x ) are locally direct summands of E^ g 
and they provide us with an S'-valued point of the "unramified" local model M\. For 
1 = 1, the Cg-modules v^i^F}) are locally direct summands of E* s and provide us with 
an S'-valued point of the local model Mj. We conclude that there is a morphism of 
(^-schemes 

e 

Pi: Mi Y[M l j 

1=1 
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given by 

It is easy to see that the morphism pj is also a Yit=2 @i torsor. Note that the 
corresponding Yii=2 G^P -action on M-l is different from the action which produces the 
torsor qi : Mi — ► .Mj: 

(5.9) («/)f =2 • ({^} I>4 , {a|}f =2 ) = ({(a,)- 1 • «/ • o\(rt)\t , {</ • ^}f =2 ) . 

In short, we have obtained a diagram of morphisms of schemes over SpecC*^: 

Mi 

(5-10) VI / \ <?/ 

nLi M l X/ ^ M r ive ®o B Ox 

in which both of the slanted arrows are torsors for the smooth group scheme Yii=2 &i ■ 
This diagram allows us to think of the splitting model as a twisted product of the 
"unramified" local models M\. In the next sections, we will see that the special fiber of 
this diagram coincides with a certain geometric convolution diagram ([Lu], [HN1]). By 
the main result of [Gl] the schemes Ml are flat over SpecO^'- The existence of such a 
diagram of torsors for a smooth group scheme therefore implies: 

Theorem 5.3 The scheme Mi is flat over SpecO^. □ 



6 Local models and affine flag varieties 

We continue with the notation of the previous sections. Recall that there is a closed 
immersion of Ind-schemes 

i : Mf aive ® 0e k — ► Fh 

which is described in ^1 This immersion is equivariant for the action of Pj C GL^(A;((n))) 
in the following sense. The special fiber Gi ■= Gi ®o E ^ °f the group scheme Gi defined 
in fJHJacts on Mf" ve ® 0e k. The isomorphism A/ <g> k ~ A/ ® fc [[n]] Mt n ]]/( ne ) allows us 
to identify Gi with the group scheme giving the fc[[n]]/(n e )-automorphisms of the chain 
A/ ®fc[[n]] ^[[n]]/(n e ). The immersion i is Pf-equivariant in the sense that the action of 
Pi on Flf stabilizes the image of i, the action on this image factors through the natural 
group scheme homomorphism Pj — > Gi and i is ^/-equivariant. As a result, the image 
of i is a (finite) union of Pf-orbits in Fl/ = GL d{k ((II))) / Pj . In fact, if R is a /c-algebra, 
the i?-rational points of the image of i correspond to the lattice chains 

£ c £1 c • • • c £ m _i c n- 1 ^ 
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which fit into a diagram 





c 




c • 


• ■ c 


^im-l,R 


C 




U 




U 






u 




u 


-Co 


c 


A 


c • 


• • c 




C 


n-^o 


u 




u 






u 




u 


n e A l0 , R 


c 




c • ■ 


• • c 


n e Aj , R 

t rn—l i Jl 


c 





and are such that £j/Il e Aj tj /j, and Ai tt R/Ct are i?-locally free of rank r, resp. de — r. 

Similarly, the special fiber M\ ®o k k' of the unramified local model M\ can be 
considered as a closed subscheme of the affine flag variety Fl/ ® k k! via a natural closed 
immersion 

i l : M\ ®q k k' -> Fl 7 ® k k' . 

In fact, by [Gl], M\ ®o k k' can be identified with the scheme-theoretic union of a finite 
number of Schubert varieties in Flj and is reduced (see [Gl]). This union is stable under 
the action of Pj. 

Suppose now that R is a fc'-algebra and that {Ffyjt gives a Spec R- valued point of 
Mi ®o k k'. For j = 1, . . . , e, let 

4 C A H ® k[m R[[U}} 
be the inverse image of T 3 t C Aj t ®o Fq R — Ai t ®fe[[n]] -^[[n]]/(n e ) under 

A it ® k[m R[[IL}\ -> A it ® k[m R[[U]]/(U e ) . 
We obtain a i?[ [II]] -lattice chain t\ 

4 c 4 c • • • c 4^ c n- 1 ^ 

which provides us with a Spec i?- valued point of the affine flag variety Fl/. In this way 
we obtain morphisms of Ind-schemes 

(6.1) F' : Mi ®o k k' -» Fl 7 ® k k' 
and 

e 

(6.2) F = (F^- - Mi ®o K k' -> [J Fl, ® fe A;' . 

The morphism F is a closed immersion. Actually, the i?-rational points of Mi ®o K k' 
correspond to collections of lattice chains for j = 1, . . . , e, 
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which fit into a diagram 



A 

A io,R 


t — 


A 


✓ — 


r — 


A 

A im-1,R 


r — 


TT— 1 A 

11 A i ,R 


U 




U 






U 




u 




c 


n l - e c\ 


c • ■ 


• ■ c 


T\l-e rl 


c 




u 
I 




u 






u 




u 


u 




u 






u 




u 


re 
M) 


c 


c\ 


c • ■ 


• • c 


re 

'-m-1 


c 




U 




u 






u 




u 


U 




u 






u 




u 




c 


c\ 


c • ■ 


• • c 


f l 

t ~"m—l 


c 




u 




u 






u 




u 




c 


n e A iljR 


c • ■ 


• • c 


n e Ai . R 

l m — \ i 1 *- 


c 


n e ~ lA i ,R 



and are such that C\j C\~ X for j = 2, . . . , e (resp. IF~ e C{ /W +1 ~ e C{ +1 for j = 1, . . . , e— 1) 
are i?-locally free of rank rj (resp. d — rj + i), while C] /H e Ai u R and Aj ti ^ /Ii l ~ e C\ are 
-R-locally free of rank n, resp. d — r%. 

In what follows, for simplicity, we will use a bar to denote the special fiber of a scheme 
(or of a morphism of schemes) over Spec Or: or over SpecO^- 

We will see that the special fiber A4j can be naturally identified with the geometric 
convolution of the reduced subschemes Mj, I = 1, . . . , e, of the affine flag variety Fl/tg^ k! . 
More precisely, we will see below that the special fiber of the diagram ()5.1U|) relates to a 
convolution diagram for the Pf-equivariant subschemes Mj, I = 1, . . . , e, defined as by 
Lusztig, Ginzburg etc. ([Lu]): 

U 

(6.3) pi / \p 2 

M] x • • • xM e j m)x ■ ■ ■ xM e j ^ M 7 naive ® 0e O k C Fl 7 ® fc k' . 

Let us explain how the diagram (|6..3|) is obtained (e.g [Lu]). For simplicity of notation, 
we set G = GL^(/c((n))) and let tt : G — > Fl/ = G/Pj be the natural quotient morphism 

(of Ind-schemes) . We also set Z\ = Mi C Fl/ <S>fc k' and denote by Zi the inverse image 
of Zi under tt k! . Often we will omit from the notation the base change from k to k'; 
this should not cause any confusion. Now set 

U = Z x x • • • x Z e _i xZ e cGx---xGx GjPj 

and let 

pi : U — > Z\ X • • • X Z e _i x Z e 
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be the coordinate-wise projection (g 1 , ■ ■ ■ , g e _ l5 g e Pj) i-> (g x Pj, g e _ x Pj, g e Pj). The 
morphism p\ is a (P/) e_1 -torsor for the action given by 

(6.4) («!,..., u e _i) • (g 1 ,...,g e - 1 ,g e Pi) = (giv^ 1 , . . . ,g e -iv~} v g e P T ) . 

The convolution Zi X • • • X Z e is defined as the quotient of U by the free action of 
(Pr) e_1 given by 

(6.5) (vi,..,v e -i) * (gi,..,g e -i,g e Pi) = (giv 1 ~ 1 ,vig 2 V2 1 , .;V e -2g e -iv~l x ,v e -ig e Pi) . 
We denote by 

P2 : U — > Zi x • • • x Z e 

the quotient morphism. 

Finally, the morphism Z\ X • • ■ X Z e _i xZ e -> G/Pj given by (g x , . . . # e Pj) i-> 

9i52 ■ ■ ■ gePi factors through the quotient to give 

P3 : ZiX---xZ e ^G/P/ . 

Let us now explain how the above convolution diagram Q6.3JI relates to the diagram 
(|5.10j) : There is an isomorphism Z\X ■ ■ ■ xZ e ~ Mi given by 

(gi, . . . ,g e ) i-» (IT-V • A/, n e - 2 5l52 • A/, . . . , (c/152 ■ • • 5e) • A/) . 

In fact, an R- valued point (g x , . . . , g e ~i, 9e.Pi) of Z\ X • • • x Z e _i x Z e determines a pair 
consisting of a point 

(4, £f , . . . , Cj) = (U e - 1 g 1 ■ A I>R , U e - 2 g l92 ■ A IfR , (gm ■ ■ ■ g e ) ■ hji) 

of Mi and a collection, for j = 2, . . . , e, of isomorphisms of chains 

: n-^-^fV^r 1 - A/,/?/n e - J+1 A /ii? ~ A J JH . 

The isomorphisms dj are given via the inverses of the maps given by the action of 
91 ■ ■ ■ 9j-i 

Aj, fl ->• gi ■ ■ ■ gj-i ■ h,R = n-^'- 1 ^ 1 . 

The pair ((C J j)j, (a J j))^ =2 corresponds to a point in the special fiber Mi. Hence, we 
obtain a morphism 

(6.6) u : U -»■ Mi 

and (after the identification Z\X ■ ■ ■ xZ e = m\x ■ ■ ■ xMj ~ Mi) a diagram 

U 

(6-7) ^ 



M)x---xM^ m)x---xM] ^ Mf aivc ®o E OK cFh® k k' 
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It is easy to see that we have pi = u ■ pj and P2 = u ■ qj. 
There is a natural surjective group scheme homomorphism 

e e 

(6.8) (P.) 6 " 1 - JlAutkih/W-^h) = ng? ■ 

1=2 1=2 

Denote its kernel by /C. Then the morphism u realizes Mi as the quotient of U by the 
action of fC C (P/) e_1 given by (|6.4j) . Then, the torsor p l is identified with the Yli =2 Qj - 
torsor obtained from p\ by taking the quotient by /C. Similarly, and at the same time, 

the morphism u realizes Mi as the quotient of U by the action of K. C (P/) 6_1 given 

by Q6.5|) . Then, the torsor g 7 is identified with the nf=2 C7j -torsor obtained from y>2 by 
taking the quotient. 



7 The canonical local model for G = Res^/^ GLrf 

We continue with the assumptions and the notation of the previous sections. 

Definition 7.1 The canonical model Mf" 1 := M can (Op, A/, r) for the group G = 
HesF/p GL,i, the coweight fi given by r, and the lattice chain A/, is the scheme the- 
oretic image of the morphism 

vr^ : Mi -> M 7 naive ®o E O k -► M 7 naive 
which is obtained by composing the morphism 717 with the base change morphism. 

By definition, the canonical local model M 7 an is a closed subscheme of the naive local 
model M" aive . Using Proposition 15. II we see that Mf an and M™ ve have the same generic 
fiber. The scheme M| an is flat over Spec0£ since, by Theorem 15.31 Mi is flat over 
Spec Ok ■ Therefore, Mf an is the (flat) scheme theoretic closure of the generic fiber 
Mi ®o E E in Mf aive . 

Remark 7.2 a) By Theorem 15 .'A[ Mi is flat over Spec Ok and hence reduced (its generic 
fiber being reduced). Therefore, since tt'j is proper, Mf an can also be described as the 
reduced induced closed subscheme structure on the closed subset Im(7r 7 ) of the scheme 
Mf &ive . 

b) Our definition does not provide a description of Mf an as a moduli scheme. On 
the other hand, we can observe that Mi and Mj aive are moduli schemes, the morphism 
tt'j : Mi — > Mf mve has a moduli description, and M| an has the following property with 
respect to tt'j-. It is the maximal reduced closed subscheme Z of M°" e with the property 
that, for every algebraically closed field f2, each f2- valued point of Z lifts via tt'j to an 
$7- valued point of Mi. 
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In [PR] §8, we have denned the local model M} oc for Op, A/ and r as follows. For 
every t G {0, ... ,m — 1}, we consider the standard (naive) local model M naive (Aj t ) := 
M naive (Op, Ai t , r ) associated to the lattice A» t (and (F, V, /x)). There is a morphism 

(7.1) ir it : Mf aive -> Af naivc (A it ) , 
obtained by {Ti}"^ 1 ^ ?t- In [PR], we set 

(7.2) Mj° c := P| 7T^ 1 (Af loc (Ai t )) 

it 6/ 

(scheme theoretic intersection in Mf aive ) where M loc (A it ) C M naiv0 (A it ) are the (flat) 
local models of EL-type which were studied in [PR]. By the above remarks, we have 

M loc (A it ) = M { can } . 

The recent results of Gortz imply now the following theorem. 

Theorem 7.3 

(a) M\ oc is flat over O e and we have Mf" 1 = M} oc . 

(b ) The special fiber M^ an ®o E k is reduced; its irreducible components are normal 
and with rational singularities. 

Remark 7.4 (a) The flatness property in (a) above was conjectured in [PR], §8. 

(b) Denote by \ii the miniscule coweig ht (l ri , d ~ ri ) of GL d . By [Gl], the special fiber 
Mj can be identified with the union of Schubert cells LLeAdm 7 (/^) ®w of the partial affine 
flag variety Fl/ <S>k k'. Here Adm/(//;) denotes the /^-admissible set inside Wi\W/Wi. 
Here W denotes the extended affine Weyl group of GL^(/c((n))) and Wj the subgroup of 
W which corresponds to the parahoric subgroup Pj; see [KR]. By Theorem 17.31 (b) and 
the discussion in ^2 the special fiber M| an can be identified (up to nilpotent elements) 
with the image of the convolution morphism 

U O w \ X---X |J O w J -» Fl/ ® k k' . 

iin6Adm/(/ii) / ViiigAdm/fjie) / 

This image is equal to the union UweAdmjf^) ®*> W1 th [i = Hi + • • • + fJ, e - 

(c) In this part of the remark we use a bar to denote the special fiber of a scheme 
or a morphism of schemes over Spec Ok- It follows from the definition of M| an that 
the scheme theoretic image ivi(M.i) is a closed subscheme of MJ an ®o E Ok- We can 
easily see that the O^-schemes Mj an ®o E Ok and 7r/(A4/) have the same generic fiber. 
Since M| an ®q b O k is flat it follows that 717 (Mr) = Mf an ® 0e ®k- Similarly, consider 
tt]{M.i) C ttj(Mi) = Mj an <8>o E ®k\ these two schemes agree up to nilpotents. By 
Theorem I7.HI (b) the special fiber M| an ®o E @K is reduced (recall that the residue field 
k is assumed perfect) and so Wj(Aii) = Mf an ®fc k! . 



20 



Proof. Note that each morphism 7Tj fc induces an isomorphism between the generic 
fibers: 

n ik ® OE E : M 7 naivc ®o E E ^ M naivc (A ifc ) ® 0e E . 

Therefore, M\ oc ®q b E = Mf aivc <g> 0j3 E = Mj &n ®q e E . Since M| an is the scheme 
theoretic closure of its generic fiber in M" aive , we obtain 

(7.3) Mf n C Mj oc C Mj naivc 

where the inclusions are inclusions of closed subschemes. In what follows, for simplicity, 
we will use a bar to denote the special fiber of a scheme or a morphism of schemes over 
SpecOg. Definition (|7.2fl implies 

As we have seen above, Mf aive , resp. M naive (Aj t ), can be identified with a closed sub- 
scheme of the affine flag, resp. affine Grassmannian, variety for GL^ over k. The mor- 
phisms Tti t can then be identified with the restrictions of natural (smooth) projection 
morphisms from the affine flag variety to the affine Grassmannian. By [PR], the special 
fibers M loc (Aj t ) are reduced and they are identified with Schubert varieties in the affine 
Grassmannian; therefore the inverse images under the smooth morphisms Wi t are also 
(reduced) Schubert varieties in the affine flag variety. By [Gl] (see also [Fl]) all Schu- 
bert varieties in the affine flag variety are normal, simultaneously Frobenius split, and 
with rational singularities; therefore arbitrary intersections of Schubert varieties in the 
affine flag variety are also reduced unions of Schubert varieties. We conclude that Mj oc 
is reduced and that its irreducible components are normal with rational singularities. 
Therefore, to show that Mj oc is flat and hence that Mf n = Mj oc , it will be enough to 
show that the generic points of the irreducible components of M] oc lift to characteristic 
zero. This statement has recently been shown by Gortz ([G3] Proposition 5.1) by using 
results of Haines and Ngo ([HN2]). Hence part (a) follows. Part (b) now follows from 
(a) and the above description of the special fiber M\ oc . □ 

Remark 7.5 As was observed by T. Haines, the use of the lifting theorem of Gortz 
[G3] can be avoided as follows. The proof of the second part of Remark 17.41 shows that 
(Mf an ) , (the reduced induced closed subscheme structure on M| an ) is the union of 
Schubert varieties corresponding to w in Adm/(/u). On the other hand, it follows from 
the definition of Mj oc , that M) oc (which is already known to be reduced by the first part 
of the proof of Theorem I7.3|) is the union of Schubert varieties corresponding to w in 
Perm/(/i). Here Perm/(/x) denotes the ^-permissible set which however has been shown 
to be identical with Adm/(/x) (Haines and Ngo [HN2] for I = {0, . . . , d - 1}, Gortz [G3] 
in the remaining cases). The closed immersions 

(M 7 can ) rcd C Mp" C M\ oc 

are thus all isomorphisms, and so M| an = Mj oc and M| an is reduced. The flatness of 
M| an now implies that Mf an = Mj oc and the rest follows. 
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Part II 

8 The "naive" local models for G = Res^/i? GSp 2ff 

We continue with the notation of Let (V, { , }) be the standard symplectic vector 
space over F of dimension 2g with basis e±, . . . , e g , f\, . . . , f g , i.e 

(8.1) {e u ej} = {fi, fj} = 0, {e», fj} = <% . 

Let < v,w >= Trp/p {v,w}. Then, since F/Fq is separable, < , > is a non-degenerate 
alternating form on V with values in Fq which, for all a G F, satisfies 

(8.2) < av, w >=< v, aw > . 
If A is an O^-lattice in V, we set 

A* : = { v e V | {v, A} G O f , for all A G A} , 

A := {v e V I < v, A >G Fo , for all A G A} , 

for the dual ("complementary") O^-lattices with respect to the forms { , } and < , > 
respectively. 

Now let 5 be an ©^-generator of the inverse different T>~j F ^ (if F/Fq is tamely 
ramified, we can take 5 = vr 1_e ). Set 

A = Span OF {ei, . . .,e g ,Sfx,. . .,Sf g } C V. 

Then the O^-lattice Ao is self-dual with respect to the form < , >, i.e 

(8.3) A = A . 

Indeed, < ei,a5fj >= if i ^ j, and < ei,a5fi >= Trpy^ (a<5); this is in Of exactly 
when a is in Of- 
For < r < g, let 

A r = Span c , F {7r~ 1 ei, . . . , 7r _1 e r , e r+x , . . . ,e g ,5fi, . . . ,df g } . 

We obtain a chain of inclusions of C?F-lattices 

(8.4) 7tA C A r C A = A C A r C vr _1 A . 
In fact, we have 

A r = Span OF {ei, . . . ,e g ,n5fi, . . . ,ir5f r ,5f r+1 , . . -,5f g } . 

We can extend Ao C Ai C • • • C A g to a complete O^-lattice chain {Aj}j S z in V by 
setting 

Ai = 7r-*A i5 for i = 2gt + j, < j < g, 
Ai = n^A-j, for i = 2gt + j, -g < j < 0, 
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The essential part of this Op-lattice chain is 



A g c • • • C Ai C A = A C Ai C • • • C Ag = 7r 1 A g . 

The lattice chain {Aj}j £ z is "self-dual" (for every i there is a j such that Aj = Aj, in fact 
we have Aj = A_j) and "complete" (for every i, dimfc(Aj +1 /Aj) = 1). We will sometimes 
write 

(8.5) < , > ±i : A±i x A Ti -» Fo 

for the corresponding perfect form. These sets of forms are alternating in the sense that 

< v,w >±i= - <w,v > Ti . 

Now fix a subset I = {i® < ■ ■ ■ < i m -i} C {0, 1, ... ,g} and consider the self-dual 
periodic Op-lattice chain Aj given by taking all lattices of the form vr n Aj fe , 7r n Aj t for 
neZ, t = 0, . . . ,m — 1. An essential part of the lattice chain A/ is 

Ai m _! C • • • C A i0 C A io C • • • C A^ C ^ _1 A im _ 1 . 

The standard ("naive") local model jV) iaive associated by Rapoport-Zink [RZ], Defini- 
tion 3.27 to the reductive group G = Resp/p GSp(V, < , >), the cocharacter [i given by 
{(l 9 , 9 )}^ and the parahoric subgroup which is the stabilizer of the Op-lattice chain Aj, 
is by definition the Op -scheme representing the following functor on (Schemes/Op ): 

For every Op -scheme S, Nf a,lve (S) is the set of collections {J r i t ,J r -i t }t=o,...,m-i of 
Op ®o F Og-submodules of Aj tj s, resp. Ai u s which fit into a commutative diagram 

Ai m _ 1; s -> ••• Aj 0j5 -> Aj 0;S -> ••• -> Aj m _ ljS A Aj m _ lj5 

u u u u u 

J -lm-1 ^ —«0 ^ «0 ^ »m-l J — *m-l 

and are such that: 

a) F^, r esp. ^"-it, is Zariski locally on S a O^-direct summand of Aj t) s, resp. Aj t) s, 
of rank eg, 

b) the compositions .F_ it C A it) s -> , C A itj g = A itj s -> .F_i t , where 
jF±j t = Homog {F±i t , Os) and the second maps are the duals of the inclusions Ti t C Aj tj s, 
resp. ^*_j 4 C Aj t) 5, are the zero maps. 

c) For every a G Op, and t = 0, . . . , m — 1, we have 

det(a | ^) = n^(«) 9 
where again this identity is meant as an identity of polynomial functions on Op. 

Remark 8.1 For T C A itj s, we set T L := ker(Aj ti5 — > J^") C A itj g. For £ C A it) s we 
set Q L := ker(Aj ti 5 = Aj tj s — > (?) C Aj tj g. If JF, resp. £7 are locally O^-direct summands 
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of Aj (i 5, resp. Aj tj g, then , resp. Q L are locally Og-direct summands of Aj t) s, resp. 
Aj tj g. Condition (b) implies that 

T- it C ker(A iiiS -» = (^) ± , ;F i( c ker(A it)5 -> jF_ i( ) = (J r _j ( ) ± . 

Since by (a), T±i t , {J r ±i t ) ± all have rank eg, we obtain T-i t = (J r i t ) ± , T\ t = (T-i t ) L . 

Hence, Nf aiye (S) is in bijection with the set of collections {Tt}t of Of ®0 Fq Os- 
submodules Tt C Aj tj s, which are, Zariski locally on S 1 , O^-direct summands of Aj t) g of 
rank eg and which satisfy: 

i) For every a G Of, t = 0, • • • , m — 1, 

det(a | T t ) = l[<P{a) 9 

(as always this identity is meant as an identity of polynomial functions on Of), 

ii) The inclusions T t C Aj tj g, T^~ C Aj tj g fit into a commutative diagram 

K m -i,s -> ••• Aj 0j5 -> Aj 0)5 -> ••• -> Aj m _ li>s Aj m _ 1)5 

u u u u u 

9 The splitting model for G = Res^y^ GSp 25 

We continue with the notation of the previous section. Consider the functor TV} = 
Af(OF,Ai,g) on (Schemes/Spec Ok) which to a O^-scheme S associates the set of col- 
lections {Tf t , T 3 _ it }t,j=i, e of Of®o Fq Os-submodules of Aj tj g, resp. Aj tj s which fit into 
a commutative diagram 

* ••• A i m -i,s A im _ ljS 
U U 

_j, ... ^ ^re > jre 

2m— 1 ^m— 1 









U 


u 


U 


*m— 1 


, re 


. re 

^io 


u 


U 


U 


^17 1 . -> ••• 

*m— 1 


re— 1 
-io 


re— 1 


u 


U 


U 



u u 

-e— 1 ^ 

1m — 1 

U U 



u u u u u 

rl > . . . y rl ^ rl ^ . , , ^ rl ^ rl 

-»m-l -«0 *0 »m-l —im-1 

and are such that: 

a) T\ ' , resp. , is Zariski locally on 5 a O^-direct summand of Aj (; s, resp. Aj t) s, 
of rank and satisfies, for all a £ Of, 

■j-i 



(o® 1-1(8^(0))^ C^ it 



b) the compositions 
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are the zero maps. 

By Remark 18.11 we see that the above conditions imply that for every t, = 
(J r i t ) ± i = (J rf Li t )~ L - Hence, we obtain chains 

(0) cfL it C ••• c T\ = (K^ C ••• C C A it ,s , 

(0) c T\ t c • • • c n t = (^-ij 1 c • • • c {F\ ) x c A itjS . 

c) In addition to (a) and (b), we require that, for all j = 1, ... ,e — 1, and every 
a € O f , 

j+l<<?<e 

[] (a®l-l®0,(a)) (Fi t ) L CFi it . 

Obviously the functor Mi is represented by a projective scheme over Spec Ok which 
we will also denote by A/}. As in the case of G = Res^/ Fo GL^, there is a projective 
morphism 

(9.1) ttj : A/} -> iVr ivc ®o Fo 

given by | — ► {-^i^lfc- A construction similar to the one in the proof of Propo- 
sition shows that, also in this case, 717 induces an isomorphism 

(9.2) ttj ® OK K : Mi ®o k K A^ naive ® 0fq if 
on the generic fibers. 

Now suppose that {3~±i t }j,t is an 5- valued point of Mi- As in the case of G = 
Respy^GL^, for I = 1, . . . , e, let us set 



^ iti5 = ker(Q'(vr) | k ±it , s jF l ± 



it ' 



this is an O^) ®o K Og-module. We also set 

T l ±iuS := ker(7r - a, | A^s/J^ 1 ) = ker(vr - a; | ¥ ±iuS ) . 

The proof of Proposition 15.21 implies that the ®o K Os-module s is, locally 
on 5, free of rank 2g and that its formation commutes with base change in S. Similarly, 
Tfy s is a locally free Cg-module of rank 2g whose formation commutes with base 
change in S. 
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Lemma 9.1 Suppose that {J'±i t }j,t is an S-valued point of Mi- Then for I = 1, ... ,e, 
k = 0, . . . , m — 1, we have 



where the left hand side is the inverse image of the submodule .Tvy 1 C A-y t) 5 under 
±h,S given by multiplication by Q l (jr). 

PROOF. The proof of Proposition 15.21 (b) shows that Q l (T l ±it ) C A±j tj g is locally 
an Cg-direct summand of rank g(2e — I + 1). Observe that the condition (c) in the 
definition of the splitting model TV} translates to 



Now (JF^)' L and Q 1 (tt) 1 (J r ±il) have the same Cg-rank and they are both locally Os- 
direct summands of A-y ( g. Hence, they are equal. □ 



Suppose that {^±i t }j,t is an S- valued point of Mi- Lemma implies that 

±it,S — Wiit.sJ l J ~±it,S ■ 



(9-3) *L S = 



Therefore, there are perfect Cg-bilinear forms 
(9-4) < , > l ±lt : * l ± iuS x ¥ TluS - 5 

induced by the forms < , >±i t - These satisfy 

<v,w > l ± k = - <w,v > l Tk , and < av,w >± k =< v,aw > l ± k , 

for all a € O k ' (i.e the pairings respect the action of O k ^ ). 

For / = 1, . . . , e, consider the chain of free 0^-modules Aj obtained from the free 
Of ®o Fo Off-module chain Afo k '■= A/ ®o Fo Ok by extending scalars via 

<f> 1 : O f ® Of0 O k O k [T]/(Q 1 (T)) = og . 
We will define perfect 0^--bilinear alternating pairings 

< , >± it = A^ t x A^ t - 0* 

which respect the action of O k ^ as follows: Using (|2.4|) . we see that there are canonical 
isomorphisms 

(9-5) A^ t ~ Im( Q,(r) | A ±itj0jr ) = ker(Q / (T) | A±i t , J . 

Suppose that u E Aj_ i( , w E Via Q9.5j) we can identify v with an element of 

ker(Q / (T) | A± it ,o K ) C A 

±h,O k an d choose w G A^o^ such that 
Qz(T) -w = w . 
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We set 



(9.6) < v,w > l ± it =< v,w >± it 



It is easy to see that this is independent of the choice of w. It provides us with perfect 
-bilinear forms which respect the action of O^} and satisfy 

<w,v > l Tk = - <v,w > l ± it 

(i.e they are alternating). 

Let us set V 1 for the K[T]/ (Q l (T))-module obtained from the F ®f -f^- module V®f 
K by extending scalars via <ft ®o K K : F ® Fo K -> K[T] / '(Q l ; (T)) . Then, for all 
t = 0, . . . ,m — 1, A l ±i C V and the pairings < , >_y are all restrictions of a single 
perfect i^-bilinear alternating pairing 

< , > l : V 1 x V 1 -» K 

which respects the action of 0$ ®o K K = K[T]/(Q l (T)). It is easy to see that, under 
this form, A_^ is dual ("complementary") to Aj- . In this sense, the chain A l j is a periodic 

self-dual chain of free 0^ -modules in V 1 . 

Consider the chain of O^ ®o K O^-modules ^\ s : 

(9.7) . . . _> ¥_ tm _ uS ->...- ¥_ i0jS -> ^ 0iS - . . . - *j m _ iiS A *L im _ 1>5 - • • • 

over S with the morphisms induced by the commutative diagram in the definition of 
Mi, and with the bilinear forms 1)9. 4JI . 

Proposition 9.2 aj XYie pairings \9.4\) provide the chain s with the structure of a 

polarized chain of O^) ®o K Os-modules ^> l j s of type (Aj) in the sense of [RZ] Def. 3.14, 

p. 75 (O^ is not a maximal order in O^ ®o K K, however the definition still makes 
sense). 

b) Zariski locally on S, the polarized chain of O^ ®& K Os-modules s is (symplec- 
tically) isomorphic to the polarized chain of O^ ®o K Os-modules A\ s := A\ ®o K Os 
which is obtained from the Op) -chain A l j. 

Proof. To show (a) we have to show that the chain $j s satisfies the conditions of 
[RZ], Def. 3.14 p. 75 (see also Def. 3.6 and Cor. 3.7). Assuming (a), part (b) of the 
proposition follows from a simple extension of [RZ], Prop. A 21 to the case at hand. 

Now the only condition in loc. cit. that does not follow immediately from the 
definitions is the requirement (corresponding to condition (2) of Def. 3.6) that Zariski 
locally on S the quotient of two successive modules in the chain tyj s is Op) ®o K Os- 
isomorphic to the quotient of the two corresponding successive modules of the chain s . 
This can be shown exactly as the corresponding statement in the proof of Proposition 

E2J □ 
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For I = 1, . . . , e, there is a natural isomorphism 

V if ~ Im(Q i+1 (T) | V 1 ) = ker(T - a; | V 1 ) . 

A construction analogous to ()9.6|) allows us to define a perfect if-bilinear alternating 
form 

< , >i : F (g)^ if x V (8^, K ^ K . 

Now set 

(9.8) Ei^ = A ±Jfc O k ~ Im(Q i+1 (T) | A^J = ker(T - a, | A^J . 

Once again, we can see that 

(9-9) < , >i,± it : x E l Tit - 0^ 

defined by restricting < , >z to the lattices H-y t , H T j t give a system of perfect Oft- 
bilinear alternating forms. By construction, we have 

(9.10) < v,w >i,± it =< v,w > l ±it , 

where we regard v as an element of ker(T — a/ | Aj_ it ) and where w S A^ ( satisfies 
Q l+1 (T) - w = w. 

Hence, for each I = 1, . . . , e, we obtain a self-dual O^-lattice chain E l j in the if -vector 
space V ®f,<i>i K by using the lattices E l ± it = A-y t ®o F ,cj>i Ok- The essential part of this 
chain is: 

s -i m _i C • • • C s _j C C • • • C "i TO _ 1 C a l ^i m _ 1 ■ 



Now denote by N\ the "unramified" local model N\ := AT(0r-,Ej,< , >) over 
Spec Or- defined in [RZ] for G = GSp(F ®F,<f>i K, <, >/) (a group over K), the cochar- 
acter fi given by (I s , 9 ) and the self-dual lattice chain Ej. By definition, N\ is the 
projective scheme over Spec Or- which classifies collections {^±i t }i of O^-submodules 
3~±it C 5 := 5j_ it (8>Ox which fit into a commutative diagram 

. _ ». . . . _ ► ci — »• ^. — ► • • • — > " l . % ~ l 

u u u u u 

where ,F±j t are Zariski locally Os-direct summands of E* s of rank 5 and which satisfy 

■p . — -p± T- — T^- 

J —it ~ J i t i J n ~ J —it • 



Now let us denote by 7i\ , resp. Hj, the group scheme over Spec Ok whose .S-points 
are the Of) <S>o K Cg-module, resp. Og-module, automorphisms of the polarized chain 
A/ ®o K Os, resp. E l j ®o K Os, which respect the forms < , >?y , resp. < , >z,±i t , 
up to a similitude which is the same for all indices t. These groups are extensions of 
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the multiplicative group by the group scheme of symplectic O k ®o K Os-module, resp. 
Os-module, automorphisms of the polarized chains k\ <S>o K Os, resp. r,\ ®o K Os- An 
argument as in the proof of [RZ] Prop. A. 21 shows that the latter group schemes are 
smooth over SpecO^. Therefore, Txp and 7i\ are also smooth group schemes over 
Spec O k . 

Now for an S- valued point of Mi given by {^~±i t }j,t an d I = 1, ■ ■ ■ ,e, k = 0, . . . ,m — 1, 
we set 

T l ±luS = ker(vr - a t | ¥ ±luS ) = ker(7r - a, | (fg^ / f£ tS ) • 
Notice that there is a canonical O^-homomorphism 

Im(Q'+V) | ¥ ±tuS ) - ker(vr - ai \ ¥ ±kjS ) = T l ±k>s . 

It follows from Proposition 19.21 and (|9.8j) that this is an isomorphism. 

A construction as in (|9.1(J|) now allows us to use this isomorphism and the forms 
< , >± k - *±j t s x ^th s ~^ ®s to derive C^-bilinear alternating forms 

< , >l,±h : T ±i t ,5 x T Tit,S °S ■ 

Proposition 9.3 The Os-modules T^_ it s are locally free of rank 2g and the Os-bilinear 
alternating forms 

< , >l,±it : T ±i t ,5 x T Tit,S -* °S ■ 

are perfect. Furthermore, the resulting chain of Os-modules over S 

(9.11) > T l _i . S -» ► T -in S -» T L S -»• ► T i 1 g -» • • • 

is a polarized chain of type (Sj) and is, Zariski locally on S, (symplectically) isomorphic 
to the polarized chain of Os-modules Hj(g>£>„ Os obtained from the self-dual lattice chain 

Proof. This follows from Proposition 19.21 and the above discussion. □ 
Let Mi denote the scheme over Spec Ok whose S-points correspond to pairs 

Mi(S) := ({Ti k } jit , Wi\) e . =2 
where is an S- valued point of Mi and for I = 2, . . . , e, 

a\ : ¥ LS ^ A/,5 

is a symplectic (up to similitude) isomorphism of polarized Oj) ®o K Os-chains. The 
natural projection morphism qi : Mi — > Mi is a torsor for Yii=2 ■ 

Notice that an isomorphism a\ as above, induces a symplectic (up to a similitude) 
isomorphism of chains of Cg-modules 

Tr : T ls = ker(vr - a t \ tf^ s ) ^ ker(^ - a t | A^ s ) ~ E l IjS . 
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Similarly, for 1 = 1, V^Zy s = A-y tj 5, and we obtain a canonical symplectic isomorphism 

V I : T I,S -> • 

Now if {J~± it }j y t is an S- valued point of Mi, then since 

^C^C^Y, (tt - a^ it C , 

we can consider F l ±i t l F l ±i t as an O^-submodule of s = ker(7r — a; | {F 1 ^)^ / ). 
In fact, F±i t /F±u ls locally a direct Os-summand and 

under the "derived" forms < , >i,±i t - Tj_ it s x T^ it s — > Os- Therefore, 

(9.12) v ±it (^ ±lt ) C =} ±it ®o K O s , resp. a l ±k (P ± J^) C Ok 5 

provide us with S- valued points of the "unramified" local models Nj, resp. N l j for 
I = 2, . . . , e. As in the case of Respy^GL^ we obtain a morphism of schemes 

e 

Pi: Mi JJiVj . 

i=i 

This is again a torsor for the smooth group scheme Y\'i=2^P • Again, as in the case of 
Respy^ GLd, we have obtained a diagram of morphisms of schemes over SpecO^: 

Mi 

(9.13) PI / \qj 

in which both of the slanted arrows are torsors for the smooth group scheme nf=2 Hp • 
Once again, since by [G2] the schemes A'"] are flat over Spec Or-, the existence of such a 
diagram implies: 

Theorem 9.4 The scheme Mi is flat over Spec Ox- □ 

10 Affine flag varieties for the symplectic group 

In this section, we will use the notations and terminology of Let us consider 

A = k[[u}} 2 3 = fc[[n]]ei e ■ ■ • e k[[u]]e g © fc[[n]]/i e • • • © k[[n])f g 

with the A;[[n]] -bilinear alternating form < , >: Ao x Ao — > A; [[II]] given by 

< e~i, ej >= , < fi, fj >= , < e-i, fj >= . 
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For < r < g, we introduce the k[ [II]] -lattices A r in Ao ®fc[[n]] k((Tl)) by 
A r = Spanfc^n^n" 1 ^!,---,!!" 1 ^,^!,---,^,/!, •••,/(,} . 

Set A_ r = A r := {v G k((U)) 29 \ < v,w >G A; [[II]], for all w G A r }. It is easy to see 
that 

A_ r = Span fc [[ n ]]{ei, • • • , e g ,Ufi, ■ ■ ■ ,n/ r , f r+1 , •■■ ,f g } . 

Now consider a subset I = {io < ■ ■ ■ < i m -\} C {0, . . . ,g}. /.From this we obtain the 
lattice chain A/ in k ((II)) 2g 

(10-1) A—im-i c • • • C A_ l0 C A i0 c • • • c A im _ 1 c n- 1 A_ im _ 1 . 

By adding all the multiples Il m A-|-j t , m £ Z, to the above lattice chain, we obtain the 
corresponding periodic lattice chain. In what follows, we will sometimes use the same 
symbol to denote both a lattice chain and its corresponding periodic lattice chain. This 
should not cause any confusion. By definition, a lattice chain (which is not necessarily 
periodic) is self-dual if the dual of every lattice in the chain appears in the corresponding 
periodic lattice chain. It is clear that A/ is a self-dual lattice chain. 

The partial affine flag variety SFl/ associated to the symplectic similitude group 
GSp 2 £ and the subset I is the ind-scheme over k which represents the functor which to 
a k- algebra R associates the set of self dual R[ [II]] -lattice chains 

(10.2) c • • • c c- l0 c c i0 c • • • c c lm _, c ir 1 /;^ 

in i?((n)) 2fl = k((U)) 29 (8>fe R, such that each successive quotient of the above chain 
is a locally free -R-module of rank equal to the /c-dimension of the corresponding quo- 
tient in (|l().l|h The Ind-group scheme GSp 2s (fc((II))) acts on SF1/ and we can identify 
(GSp 29 (fc((n)))-equivariantly) SF1/ with the fpqc quotient 

SF\j = GSp 2g (k((U)))/Pl 

where Pi is the parahoric subgroup scheme of GSp 2g (fc((II))) whose k- valued points 
stabilize the lattice chain Aj of (|1().1|) . 

Fix an integer r. We may also consider the partial affine flag variety SF1J associated 
to the symplectic group Sp 2g an d the subset /. This is the ind-scheme over k which 
represents the functor which to a A;-algebra R associates the set of self dual R[ [II]] -lattice 
chains 

(10.3) L- lm _, c • • • c C- l0 c C i0 c • • • c A ro _i c ir 1 /;^^ 

in R{(U)) 2 3 = k({U)) 2 3 ® k R, such that 

i) each successive quotient of the above chain is a locally free -R-module of rank equal 
to the /c-dimension of the corresponding quotient in (|1U.1|) . 

ii) we have Ci = ITX_j . 
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The Ind-group scheme Sp 2fl (A;((n))) acts on SF1J. Sending the lattice chain Cj to 
U m C[ gives an Sp 29 (/c((n)))-equivariant isomorphism 

SF1J ^ SFl^ 2m . 

The Ind-schemes SF1J are all closed Ind-subschemes of SF1/. In fact, SF1J for different 
r are all isomorphic as Ind-schemes (but not necessarily Sp 2fl (fc((n)))-equivariantly). 

11 Local models and symplectic affine flag varieties 

Let us identify Of®o Fq k and /c[[II]]/(Il e ) via the isomorphism Of®o Fq k ~ fc[[II]]/(II e ) 
given by ir (g> 1 i— > II. Consider the fc[[n]]/(II e )-isomorphism Ao <8>e> Fo — Ao ®fc[[n]] 
fc[[Il]]/(II e ) given by i-> Sj, <5/j i— > This isomorphism is compatible with the 
symplectic forms on both sides. In fact, there are obvious similar isomorphisms 

(n.i) a, ® Of0 k-At ® k[m fc[[n]]/(n e ) 

which induce a (symplectic) isomorphism between the polarized fc[[II]]/(n 6 )-chains 
A/ ®o Fo k and Aj ® k[m fc[[n]]/(n e ). 

Suppose that {T±i t }t corresponds to an Spec R- valued point of the special fiber 
jynaive g, f the naive local model. Set A±i u R = A±i t ®fc[[n]] #[[ n ]]- Let 

(11.2) C± lt C A± it ,R 

be the inverse image of T±i t C A±j 4 <8>e> F R — A±i t ®fc[[n]] -^[[n]]/(n 6 ) under 

A±i t ,ii -> A ±Jt ® fe[[n]] i?[[n]]/(n e ) . 

We obtain an R[ [II]] -lattice chain Cj 

£—i m -i C ■ ■ • C /3-i C £i C • • • C Ci m _ 1 C LT £~i m _ l 

which satisfies property (i) of the definition of the (partial) symplectic affine flag variety. 
We claim that £j 4 = Tl~ e £-i t . This will establish that the chain above is self-dual and 
satisfies property (ii) with r = — e. Now we have 

£-h C A_ itijR = A ittR c £ it . 

Here the quotients A_j ti ^/£_j t and therefore £j t /A_j t; ^ are i?-locally free of rank eg. 
Hence, £j t /£_j t is i?-locally free of rank 2eg; this is the same as the i?-rank of n _e £_j t /£_ 
By our definitions, < £_j t , £j t > C n e i?[[n]] and so U~ e C-i t C £j t . Since the formation 
of £_j t and n~ 6 £_j t from the i?[[n]] -lattice £-j t commutes with base change we obtain 
that U~ e C-i t = Ci t . Therefore, the i?[[n]] -lattice chain £/ gives an R- valued point of 
SFl7 e C SF1/. 

We have therefore obtained a morphism 

(11.3) i : A^ aivc ®o F) k -»• SF17 6 C SF1/ 
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which is a closed immersion of Ind-schemes. 

Similarly, the special fiber Nj <S>o K k' °f the "unramified" local model N\ can be 
considered as a closed subscheme of the symplectic affine flag variety SF1/ ® k k! . In fact, 
by [G2], N\ <S>o k k' ls reduced and can be identified with the scheme-theoretic union of 
a finite number of Schubert varieties in SF1/ ® k k' ■ 

Recall that 7ii is the group scheme over SpecC?F whose S- valued points give the 
symplectic automorphisms up to similitude of the polarized chain Aj <S>e> Fo Os- The 
above symplectic isomorphism between the polarized Of ®o F[) k = /c[[II]]/(lI e )-chains 
A/ ®Of k an d A/ <8>fc[[n]] ^[[n]]/(IT e ) allows us to identify the special fiber Hi with the 
group scheme giving the symplectic similitude automorphisms of Aj ^Mnii M[n]]/(n e )- 
This is a factor group of the parahoric group scheme Pj giving the symplectic similitude 
isomorphisms of A/. The closed immersion i is equivariant for the action of Pj in the 
sense that the action of Hi stabilizes the image of i, that the action on this image factors 
through Pi — > Hi and that i is "^/-equivariant. 

Suppose now that {^P±i t }j,t corresponds to an Spec R- valued point of the special fiber 
Mj <X>e> K k' of the splitting model. For j = 1, . . . , e let 

(H-4) C? ±it C A± it ,R 

be the inverse image of T± it C A-y t ®o Fo R — A±i t ®fc[[n]] ^[[n]]/(n e ) under 

A± it ,R -» A± it ® km ^[[n]]/(n e ) . 

As above, we obtain an R{ [II]] -lattice chain 

1 c---c£i io c4c---c^" .cir 1 /;^ 

^m— 1 *0 ^0 im — 1 i>m— 1 

Using a similar argument as above, one can see that it satisfies properties (i) and (ii) of 
the definition with r = —2e + j and therefore gives an R- valued point of the symplectic 
affine flag variety SFlj 2e+,? . We obtain morphisms: 

(11.5) F j : Mi ®q k k' -» SF17 2e+j <g> fc k' C SFlj ® k k' . 
and 

e e 

(11.6) F = (F j )j : Mi ®o k k' -> [] SF17 2e+j ® fc fe' C J] SF1/ ® fc A/ . 

i=i i=i 
The morphism F is a closed immersion. Exactly as in the case of Res^y^GL^ we can 
see that the special fiber Mi := Mi ®o K k' can be naturally identified with the geometric 
convolution of the reduced subschemes Nj ®o K k! of the symplectic affine flag variety 
SF1/ (gifc k' . Similarly, the special fiber of the diagram (|9.13j) relates to the convolution 
diagram for these subschemes (the analogue of (|6.3|) ) in exactly the same fashion as it 
was explained in ^Dfor G = Res^/^ GLrf. 
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12 The canonical local model for G = Res^/^ GSp 2ff 

Definition 12.1 The canonical local model Nf an := N can (Op, Aj, < , >) for the group 
G = Respy^ GSp 2ff and the self-dual lattice chain Aj is the scheme theoretic image of 
the morphism 

n'j : Mi — > iV 7 naive ®o Fo O k -> Nf* ivc 
which is obtained by composing the morphism 717 with the base change morphism. 

Since tt'j is proper, the canonical local model Nf an is a closed subscheme of the naive 
local model Nf aive . Since 717 ®o K K '■ A/} ®Of ^ ~~ * jynaive O X is an isomorphism, 
jycan anc j ^ynaive ^ave same generic fiber. The scheme iV"! an is flat over Spec0F o 
since A/j is flat over Spec Or-. Therefore, A| an is the (flat) scheme theoretic closure of 
the generic fiber Nf aive (g> OFQ F in A7 aive . 

Suppose now that / = {0} or that / = {g}. In this case, the self-dual lattice 
chain Aj consists of {7r*Ao}tgZ) resp. {7r*A g } ig z (we have Ao = Ao, A g = 7rA 5 ) and 
the subgroup of G(Fq) = GSp 2g (F) which stabilizes A/ is a special maximal parahoric 
subgroup. Then it follows that the unramified local models Nj are smooth Lagrangian 
Grassmannians over Spec Ok ■ Hence, we deduce that Y\i=i Aj is irreducible and smooth 
over Spec Or-. Since Yii=2^i ^ s a smooth group scheme with geometrically connected 
fibers, we conclude, using the diagram (J9.13|) . that, in this case, A/j is also irreducible 
and smooth over Spec Ok', therefore the special fiber A/} ®o K k' is irreducible. As a 
result, the special fiber Nf^ ®o Fq k of the canonical local model A^ an is irreducible. 
More generally, suppose that / = {iq} consists of one index only. This is the case in 
which the subgroup of G(Fq) = GSp 2g {F) which stabilizes Aj is a maximal parahoric 
subgroup. Then by [G2], the geometric special fibers of the unramified local models Nj 
are irreducible. As above, we conclude that the special fiber Nj = A^ an ®o Fq k is once 
again irreducible. In fact, we can then show more: 

Theorem 12.2 Suppose that I = {iq} consists of one index only. Then: 

(i) Nf 1111 is normal and Cohen- Macaulay. 

(ii) The special fiber A^ an is integral and normal with rational singularities. It can 
be identified with the Schubert variety O e/Ltl in SF1/, where [i\ is the coweight (l 9 ,0 9 ) of 

Proof. This follows closely the arguments in [PR], proofs of Propositions 5.2-5.3 (see 
also loc. cit. Remark 5.5). For simplicity of notation, we will drop the subscript I and 
write N instead of _/V naive . We will also use a bar to denote the special fiber of a scheme 
over Ok or over Of , depending on the context. Consider the proper morphism 

7T : M -> N ®o Fo Ok ■ 

Let N' = Spec (ir*(Oj\f)) and consider the scheme-theoretic image ir(N) C A?~ ®q f Ok- 
Since M is flat over Spec Ok the same is true for ir(Af). Let w be a uniformizer of Ok- 
The cohomology exact sequence obtained by applying 7r* to 

-» o M 3. o M o w -+ 
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gives an injective homomorphism 



This fits in a commutative diagram: 

£>-k{M)I™°k{N) ~* °n(7J) 
(12.1) I I • 

On'/wOn' — > W*.(Ojf) 

By the definition of the scheme theoretic image the upper horizontal homomorphism is 
surjective. Since by the discussion before the statement of the theorem, J7 is reduced 
and irreducible, the same is true for the scheme-theoretic image Jf(Af) C N. Let /ii be 
the miniscule coweight (1 9 ,0 9 ) of GSp 29 - The special fibers Nj of the corresponding 
unramified models can be identified with the Schubert variety Ml in the affine partial 
flag variety SF1/ ® k k' (see [G2]). By gTTl 9Hlthe morphism W : 77 -> tt(77) C N can be 
identified with the convolution morphism 



m 



This morphism is birational on its image. The scheme W(M) can be identified with the 
Schubert variety O efll in SFl/fgi&A;'; it is therefore normal with rational singularities ([Fa], 
[G2]). Since W is proper, the natural morphism Spec (T* (AT)) — > 7f(AT) is finite, and now 
since by the above 7f(AT) is normal, Spec (T*(J7 )) — > 7T(77) is actually an isomorphism. 
We conclude that in the diagram (|12.1|) above, the right vertical homomorphism is an 
isomorphism. An argument as in [PR] proof of Proposition 5.2 now implies that the 
homomorphisms O^^/wO^^ — > O-np. and O^i jwO^i — > 7f*(C^) which appear in 
(|12.1j) are also isomorphisms. Therefore, the special fibers of iV' and tt{M) coincide and 
they are both equal to W[M) which by the above is integral, normal and with rational 
singularities. In fact, we can see as in loc. cit. that N' = tt(M) and that ir(Af) is normal 
and Cohen-Macaulay. To deduce the claims of the theorem for _/V can we can now proceed 
along the lines of [PR], proof of Proposition 5.3: Recall that the canonical local model 
is the scheme-theoretic image of the morphism 

vr' : M -> N ®o FQ O k ^N , 

i.e N can = 7r'(A/*). An argument as in loc. cit. now shows that 

N can ®o Fo O k = vr(A0 , vr(AA)/Gal(^/F ) = , 

and the desired statements for jV can follow (see loc. cit. for more details). □ 



Remark 12.3 It follows that A^^ = O e ^i is the union of all the Schubert strata (cells) 
in SF1/ which correspond to double cosets in the extended affine Weyl group which, in 
the Bruhat order, are < to the coset given by the coweight \x = e\i\. The set of these 
cosets is exactly the //-admissible set as defined in ([KR]). 
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We now consider general index sets /. For / = {iq, . . . , i m -i} C {0, ...,g}, and 
it £ I, we can consider the morphism 

ir it . Nj -» AT { . t} 

obtained by {J : ±i n } r ^ZQ l— * ^tif As in the case of G = Res^/^GL^ (see J7|and [PR], 
§8), we can consider the scheme theoretic intersection in Nf mve , 

(12.2) N\ oc := p| vrr^iV-n) 



Theorem 12.4 (a) Nf &n = Nf c . 

(b) The special fiber Nf an <S>o F k is reduced and its irreducible components are normal 
with rational singularities. It can be identified with the union in SF1/ of the Schubert 
cells O w with w in the e\i\- admissible set in Wi\W /Wi . 

Here W denotes the extended affine Weyl group of GSp 2g (&[[n]]) and Wi the sub- 
group corresponding to the parahoric subgroup Pj. 

Proof. We consider the chain of closed embeddings of O^ -schemes with identical 
generic fibers, 

Nf an C N\ oc C Nj iaiive 

By [G3], Prop. 6.1 all generic points of the special fiber of iV° aive can be lifted to the 
generic fiber. In other words, the above inclusions induce bijections on the underlying 
topological spaces. In fact, these bijections follow directly from [G3] Theorem 7.2 which 
states that the //-admissible and /i-permissible sets coincide, cf. Remark 17.51 On the 
other hand, by Theorem 112.21 the special fiber of -^|f fc ° is reduced and hence may be 
identified with a Schubert variety in a symplectic Grassmannian. Now the same argument 
as in the proof of Theorem 17. 31 implies that the special fiber of (|12.2j) is reduced with all 
its irreducible components normal and with rational singularities. It follows that iV"} 00 is 
flat over Spec Op and hence Nj an = N\ oc . The last statement of (b) follows as Remark 
ITU (b) from Section HU □ 

Remark 12.5 It seems plausible to expect that Nf an = Nf aive , i.e. that Nf aive is flat 
over Spec Of , comp. [G3]. 

Let I = {0}. The conjecture above may be reduced to a question on a certain space 
of matrices. Let 

P={ A =( a Q tj G M 2ge ; a,b & M ge , % = -b , 
char Q (T) = ( f[ (T - a*)) 9 , Q{A) = } . 
The question is whether P is flat over Spec Of - 
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The relation to the previous conjecture is given by the following diagram analogous 
to [PR], (1.3), 

ATiiaivc n Arnaivc 4> r> 
{0} iV {0} y r ■ 

Here 

Nf^ c (S) = {(FcA , s ,a)} , 

where T defines a point of Nf^{ ve (S) and where a is a symplectic automorphism of Aq^ 
which carries T into the Lagrangian subspace Tq of Ao generated over Of by e±, . . . , e g . 
Then tt is a torsor under the Siegel parabolic in Sp 29e c± Sp(A , < , >) and <p is a smooth 
morphism, given by 

(frdJ 7 , a)) = aT 1 ■ 7r ■ a , 

which we express as a matrix in terms of the Os-basis ei, . . . , e g , Tre±, . . . , 7re g , . . . , 
7r e-1 ei, . . . ,7r e_1 e ff ,(5/i, . . .,5f g ,ir5fi, . . . ,irdf g , . . . ,7r e_1 (5/i, . . .,it e - l 5f g of A ,s- 



Part III 

13 Nearby cycles 

In this section, we will assume that the residue field k oi Oe is finite. Our aim is to 
describe the sheaves of nearby cycles for the local models Mf an ®o E OK and Nf an ®o E OK 
as convolutions of the sheaves of nearby cycles associated to the "unramified" local 
models Mj and Nj respectively (see below for a precise statement). For simplicity, we 
will restrict our discussion mostly to the case of G = Res^/^ GLd, i.e to the models 
M| an ; the case of G = Resjy J F GSp 29 i s similar. 

Fix a prime number t which is invertible in Oe and a square root of the cardinality 
| A; | in Q^. Let O be a discrete valuation ring which is a finite flat extension oi Oe with 
fraction field L contained in Fq CP . If X is a scheme of finite type over SpecO with 
constant relative dimension d denote by 

the (adjusted) complex of nearby cycles of X over SpecC This is an element in the 
derived category of complexes of Q r sheaves on the geometric special fiber X <S>o k with 
bounded constructible cohomology sheaves and continuous Gal(i ? Q Cp /L)-action which 
lifts (i.e is compatible with) the action of Gal(FQ Cp /L) on X ®o k through the Galois 
group of the residue field of O. If X has smooth generic fiber then by [I], Theorem 4.2 
and Cor. 4.5, ^ s a Verdier self dual perverse Q^-sheaf on X ®o k. In fact, under 

this assumption, Gortz-Haines ([GH] Appendix Theorem 10.1) show using de Jong's 
alteration theorem, Weil II and the calculations in [RZ2] that R^e 1S a ^ so mixed. 
For simplicity, if X is a scheme over Oe with smooth generic fiber, we will write 

instead of R^^° E ° K for the (adjusted) complex of nearby cycles of X ®o E ®k over 
Ok- Again, this is a perverse Q^-sheaf on X ®o E k with an action of GsH{F^ sp /K ); it is 
isomorphic to the complex of Q^-sheaves R^e with the Gal(i ? Q Cp /£^)-action restricted 
to the subgroup Gal(FQ 6p /AT). 
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By ^land Remark 17.41 part (b), the special fiber Mj can be naturally identified 
with a reduced finite union of Schubert varieties in the partial affine flag variety Flj. 
On the other hand, for each j = 1, . . . , e, the special fiber M\ of the unramified local 
model Mj over Spec Ok can also be identified with a finite union of Schubert varieties 
in Flj ®fc k'. In this way, we can regard 

as perverse Q^-sheaves on Fl/ ® k k with compatible Gal(i ? Q Cp /i ; C)-actions which are Pj- 
equivariant. By Remark 17.41 (b), these perverse sheaves are supported on the union 
of Schubert cells corresponding to the ^-admissible, resp. /i-admissible cosets, where 
/x = /xiH \-fj, e . 

For each j = 1, . . . , e, we now let <3?j be a Pj-equivariant perverse Q^-sheaf on M\ with 
compatible Gal(i ? Q ep /X)-action. The convolution construction of Ginzburg, Lusztig, etc. 
(see for example [Lu]) allows us to construct an element 



<&!*•••*<& 



e 



in the derived category of complexes of Q^-sheaves on Flj ® k k supported on M} an with 
bounded constructible cohomology sheaves and compatible Gal(FQ 6p /.fr)-action. (In 
what follows, for simplicity of notation, we will use a bar to denote the geometric special 
fiber over k and omit the base change from the notation). The construction proceeds as 
follows ([Lu] 1.2 and 1.3). Consider the diagram obtained by the convolution diagram 
H6.3|) by base changing from k! to k: 



(13.1) Pi/ \ P 2 



rl TT e 77I ~ - -j-je P3 



M T x • • • x M\ Mjx ■ ■ ■ xM} ^ Mf aive ® 0e O k c Flj ® k k 



Consider the pull back of the exterior tensor product p\{^\ M ■ ■ ■ Kl <I> e ); since p% is 
a smooth morphism, this is a perverse Q^-sheaf up to a shift by the relative dimension 
of p\. By its definition, p\{^\ M ■ ■ ■ M <£ e ) is equivariant for the action (|6.4|) : however, 
since the complexes of sheaves &j are P/-equivariant, it is also equivariant for the action 
l|fi.5|) . Recall that P2 is a Pj-torsor for the action (|6.5|) (which is actually locally trivial 
in the Zariski topology). Therefore, by descent (see also [BBD] Theorem 4.2.5), there is 
a perverse Q^-sheaf with compatible Gal(Fg Cp /-fC)-action 

§ x m ■ ■ ■ 

on m\ x • • • x Mj , which is unique up to unique isomorphism, such that 

^($ii • • • iii$ e ) = p\[^ x m ■ ■ ■ m $ e ) . 

We now set 
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Theorem 13.1 

M 1 M e - 

(a) The sheaf R$> K ' R^fr K l onFlj <S>kk is mixed perverse and Verdier self dual. 

(b) There is an isomorphism of perverse Qg-sheaves with Gal(FQ Cp / K)- action 

R^ K ' ^ R^K * " " " * R ^K 

on Fl/ <S>k k. 



PROOF. Recall the diagram (|5.10j) 

Mi 

(13-2) Pl y \qj 

UU M i Mi % M? aive ® OE O k . 

By the Kiinneth formula [I], Theorem 4.7, we have an isomorphism of perverse Q^- 
sheaves with compatible Gal(-FQ Cp /-fT)-action on the geometric special fiber of Mj x 
• • • x Mf, 

(13.3) RVp x '" xM ' ~ R^k> ® ■ ■ ■ ® R^x' ■ 
This induces an isomorphism between the pull-backs 

(13.4) P }(R^ x "' xM ') ~ pKR^k' ^■■■^R^ k 1 ) ■ 

^From the definitions, and using the comparisons of the special fiber of the diagram 
(|5.1U|) with the convolution diagram (|6.3|) explained at the end of we obtain an 
isomorphism 

A/fl M e Af 1 ~ ~ M e 

(13.5) p*i(R^k m ■ ■ ■ m R^k 1 ) - Ti(R^k m - • • ^R^k 1 ) ■ 

Since both pi and qj are smooth, pj and qf commute with the nearby cycle functor. 
Therefore, we obtain an isomorphism 

fi(m$ m ■ ■ ■ h r^) - R^k - qKR^k) 

which by [BBD] Theorem 4.2.5 and Q13.5[) gives an isomorphism of perverse Q^-sheaves 
with compatible Gal(FQ 0p /K)-action 

(13.6) R^P ~ R^M ■ ■ ■ MR^x' ■ 

We now notice that since 717 : M -> Mf an ® 0e ®K C Mf aive ® 0e ®k is proper and 
since ttj induces an isomorphism on the generic fibers, there is a canonical isomorphism 

(13.7) RWJ*(R^P) - R*K r ■ 
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Hence, by ()13.6() there is an isomorphism 

/i,/- can jijl „ „ Ti/re Ti/re 

(13.8) RSfp ~ BWJ^R^k 1 B • • • ) = * • • • * 22¥£' 

with the last equality given by the identification of ^3 with 7fj. This establishes both 

parts (a) and (b) of the Theorem. □ 

Ml 

We note that the factors R^f K ' are known perverse sheaves, at least if € /, thanks 
to the result of Haines and Ngo regarding the unramified case [HN1]. 

Remark 13.2 (a) When I = {0}, the nearby cycles R^> E ! are pure of weight 0, since 
the splitting model is smooth in this case, comp. [PR]. In the general case, it is an inter- 
esting problem to determine the weights occurring in R^> E ' and their multiplicities, 
comp [GH]. 

(b) The same arguments applied to the local models A^ an for the group G = 
Respy^ GSp 2s show that 

jvrcan pjl pje 

(13.9) R^ K ' ~ RW K ' * • • • * RWj/ 

as perverse Q r sheaves with Gal(FQ Cp /K)-action. 

(c) Theorem 113.11 determines the nearby cycles of M| an over K. To obtain the nearby 

^can 

cycles R^> E ' over the reflex field E one needs to specify in addition the corresponding 
-via the isomorphism of Theorem 113.11 (b)- Gal(.ftT/I?)-action on the convolution product 

nT M} nT J/f 

m K i * ... * m K ' . 

Let us identify a € G&1(K/E) with a permutation of the set {1, . . . ,e} via the action 
of a on the set of embeddings K — > Fq GP . We then expect that the action of a on the 
convolution product should be given using the "commutativity isomorphisms" of [HN1] 
Proposition 22. (This in turn is a version of the isomorphism of [Ga] Theorem 1 (b).) 
In the case that I = {0} this issue is discussed in some more detail in [PR] Remark 7.4. 



Part IV 

14 Splitting and local models in the general PEL case 

In this section, we explain the construction of splitting models in the general (ramified) 
PEL case. As we shall see this also suggests a general construction of local models. We 
take Fq = Q p in the notation used elsewhere in this paper. Specifically, we will use the 
following notation (following closely [RZ], see 1.38): 

• Fa finite direct product of finite field extensions of Q p , 

• B a finite central algebra over F, 

• V a finite dimensional (left) l?-module, 

• ( , ) a nondegenerate alternating Q p -bilinear form on V, 

• b i— > b* an involution on B which satisfies (bv, w) = (v, b*w), v, w S V, 
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• Ob a maximal order of B invariant under *. 

If W is a right f?-module, we define a left S-module on W by restriction of scalars 
* : B — > B° vp . With this convention the dual vector space V* = Houlq p (V, Q p ) is a left 
S-module and the form ( , ) induces an isomorphism of 5-modules 

ij) : V -> V* . 

In the same way, for an C?B-lattice A in V, the Z p -module A* = Homz p (A, Z p ) becomes 
a left Os-module. The image of A* under the map 

a* _> v* ~ y 

is the "dual" lattice A of A C V with respect to ( , ). The form ( , ) induces a perfect 
bilinear pairing 

( , ) : A x A -> Z p . 

Let F\ be the Q p -algebra which consists of the ^-invariant elements of F. For sim- 
plicity we will assume that F\ is a field; the local models in the general case are products 
of local models for cases in which F\ is a field. We will denote by r the automorphism 
of F obtained by restricting the involution *. There are three cases: 

(I) F = Fx x F 1 and r(a 1 ,a 2 ) = {a 2 ,a 1 ), 

(U)F = F U 

(III) F is a quadratic field extension of F\. 

The existence of the *-linear form ( , ) implies that, even in case I, V is a free 
F-module; we will denote its rank by d. 

Let G be the algebraic group over Q p , whose points with values in a Q p -algebra R 
are given by: 

G(R) = {ge GLb(V <8>q p R) \ (gv,gw) = c(g)(v,w),c(g) € R} . 
Let us fix in addition 

• a cocharacter jjl : G m ^ — > Gn defined over the finite extension N of Q p , given up 
to conjugation. 

We assume that the corresponding eigenspace decomposition of V ®q p N is given by 

V ® Qj> N = V © Vi 

(i.e the only weights are and 1) and that the composition c o /j, : G m ^ — > G m ^r is 
the identity. This implies that both Vq and V\ are totally isotropic for the form on 
V (8)q N obtained by ( , ) by extending scalars (by [RZ] Definition 3.18 and 3.19 (b) 
these conditions correspond to the situation describing moduli of p-divisible groups). 
Notice that this implies that the pairing ( , ) induces an isomorphism 

(14.1) V ~ V* = Homjv(Fi, N) 

where V* becomes a left -B-module as above, by first regarding it naturally as a right 
-B-module and then composing with the involution * : B — > B opp . As usual let E be the 
field of definition of the conjugacy class of fx. We shall also fix 
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• C a selfdual periodic multichain of 0#-lattices in V ([RZ] Definition 3.13). 

Recall that "selfdual" means that if A is in C then the dual lattice A is also in C. 
As in loc. cit. we can consider C as a category with morphisms given by inclusions of 
lattices. 

Now let $ be the set of Q p -algebra homomorphisms of F in Q p . For a £ F let 

det(T ■I-a\V 1 ) = ]J(T- faa)) r * 
</>e* 

so that the cocharacter 

VQ P : G mQ p G Qp C GL B (V ® Qp Q p ) C GL F (V ® Qp Q p ) = J] GL(V Q p ) 

</>G<J> 

is given, up to conjugation, by {(l r< *, O rf " r< *)}0 g $ with d the F-rank of V . We can think 
of the automorphism r of F as giving a permutation of $ by <^> i— ► <j> ■ r. For every <f> £ $ 
we have 

(14.2) + r . T = d . 

Indeed, by (|14.1jl . the sum + r^. T is the multiplicity of the eigenvalue faa) for the 
action of a £ F on V ®q p Q p . This is equal to d since V is F-free of rank d. 

Set m = [Fl : Q p ] and let n be the Qp-dimension of F. We choose an ordering of 
the Qp-algebra homomorphisms fa : F — > Q p , 1 < i < n, which in the case that F ^ Ft 
has the property that any two embeddings cf>, fa with the same restriction to F\ are 
successive. Denote by K the Galois closure of F in Q p . Then E C K. 

Suppose now that S is an O^-scheme. In what follows undecorated tensor products 
are meant to be over Z p . If 6 is a unit of B which normalizes Ob and A £ C then by the 
definitions 6A £ C. For such a b, conjugation by b~ l defines an isomorphism Ob — > Ob, 
x i— > b~ 1 xb. If M is an Ob <8> Cg-module we denote by M b the Ob® 0s-module obtained 
by restriction of scalars with respect to this isomorphism. Left multiplication by b induces 
aOfl® Cg-linear homomorphism b : M b — > M. 

Let us now define a functor A4 on the category of 0Ar-schemes. 

Definition 14.1 A point of A4 with values in an O^r-scheme S is given by the following 
data. 

1. For each i = 1, . . . ,n + 1, a functor from the category of the multichain C to the 
category of Ob ® 0s-modules on S 

A h-> F{ , A £ C. 

2. For i = 1, . . . , n + 1, a morphism of functors 

j1 : F| - A ® 5 . 

We are requiring that the following conditions are satisfied: 

a) For each A £ C, i = 1, . . . ,n + 1, the homomorphism j\ is injective (and so 
it identifies F^ with a 0s ® 0£-submodule of A 0s). Both F^ and the quotient 
(A (g> Os)/Fj^ are finite locally free 05-modules. 
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b) If 6 is a unit of B which normalizes Ob there are "periodicity" Ob <8> Cg-linear 
isomorphisms 

#6,A : {Fa) — > F bA 

which make the diagrams 

(Fl) b ^ (A®O s ) b 
b ,A I I b 

F* A 3 k bA O s 

commutative. 

c) For the action of Ob on F A , we have the following identity of polynomial functions 

dete> s (a | F A ) = dete> s (a | V\), a G Ob ■ 

d) We have = (0). For % = 1, . . . , n, F A +1 C F{, the quotient F A /F A +1 is 
O^-locally free of rank := r^. and is annihilated by 

a <g> 1 - 1 <g) <fo(a) G O b <8> Os, for all a G Of. 

e) Note that (a) implies that F A is a locally direct Os-summand of A Os- We will 
denote by (F^)- 1 its orthogonal complement in A <g> Os under the perfect pairing 

( , ) : (A (g) Os) x (A <8> Os) — > Os • 

For every A G £ and i = 1, . . . , n + 1, we require that F^ C (F^)- 1 . 

f) In addition to the above, we require that: 
fl) If F = Fi, for every i = 1, . . . , n and A G C 

J] (a«»l-l®^(a))((i^ 1 )- L )ciif 1 
i<fc<j 

for all a G Of- 

f2) If F ^ Fi, for every /i = 1, . . . , m = [Fi : Q p ] and A G C 

[J (a®l-l00 fc (a))((Ff +1 )^)cFf +1 

l<fc<2fe 

for all a £ O f . 

There is a morphism ir : .M — > M naive (g><9 B O^;, where M naivc is the functor of the 
"naive" local model of [RZ] (denoted by M loc in loc. cit.) given by sending the 5-point 
of M given by A m (F[ cA» O s )i<i< n +i to A w t A := (A ® Os)/F\. Indeed, the 
functor A 1— > f a satisfies the conditions of loc. cit., Definition 3.27. For example, (c) and 
(e) together with the fact that FJ, (F a )^ are locally direct Og-summands of A <g> Os 
imply that FJ = (F^) -1 and so i A satisfies condition (iii) of loc. cit. 

It is clear that M is representable by a projective scheme over SpecO^ and that 
the morphism ir is projective. We can also see that, on the generic fibers, ir induces an 
isomorphism 

vr ®o K K : M ®o K K ^ M naivc ® 0e K. 
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Let us use the same symbol tt for the composed morphism tt : A4 — > M naive ©o B 0# — > 
M naive . The scheme theoretic image ix(M) C M naive is a closed subscheme of M naive 
which has the same generic fiber as M naive . One can now set 

M loc = tt(M). 

We believe that, if we exclude the case that the group is orthogonal and certain unitary 
cases, then M loc is a good integral model of its generic fiber. 1 More precisely, assume 
that we are either in case (I), or in case (II) with * an orthogonal involution (then G 
is a form of a symplectic group), or in case (III) with F/Fi unramified. Recall here 
that an involution of the first kind on a central simple algebra is called orthogonal resp. 
symplectic, if after a base change that splits the algebra it becomes the adjoint involution 
with respect to a symmetric resp. alternating form. Then it seems that the methods of the 
present paper prove that M loc is flat over SpecO^, with reduced special fiber, and such 
that all irreducible components of the special fiber are normal with rational singularities. 
Furthermore, let L denote the completion of the maximal unramified extension of Q p 
and let K = Kc be the parahoric subgroup of G(L) which fixes the lattice chain £ <8> Ol 
in V ®q p L. Then K acts on M loc (F p ) and the orbits are in bijective correspondence 
with the fi- admissible subset Adm^-(^) of K \G(L)/K . We refer to [R], section 3, for the 
definition of the ^-admissible subset in the general case, cf. also [KR]. Our work in the 
previous sections shows that all these statements hold true in the following situations 
(and we believe that the general limited above, may be reduced to these cases): 

a) Let Fi be a finite field extension of Q p and consider B = F\ x F\ with the 
involution (01,02)* = («2,ai)- Let O b = Fl © Fl and take V = B d = Wi © W 2 , 
Wi = Fi ■ e\ © • • • © Fi • e l d , for i = 1 or 2, with the alternating form ( , ) defined by 

(4, ej) = 0, (el, ef) = 8 kl ,i = 1, 2; k,l = l,...,d . 

This form identifies W2 with the dual of W\ . A selfdual multichain of lattices in V now 
is given by a pair C = {Ak}^, C = where £ is a chain of Op x -lattices in W\ and £ 

is the dual chain. In this case, 

G = {(g,c-(g t y 1 ) | 5 €GL(Wi),c€G m }cGL(Wi)xGL(W 2 ) . 

Therefore, G ~ Resj? 1 /Q p (GL ( i) x G m . Let us assume that Fi is totally ramified over Q«. 
The schemes M (for various choices of the cocharacter fx and the multichain £) can be 
identified with the splitting models for Res^ 1( /Q GL^ of fJSJ To see this we observe that 
by using conditions (e) and (f2) and an argument as in Lemma 19.11 we can show that 
there is a 1-1 correspondence between submodules 

F l fc eA ; = G Z 1 ' 1 © G't 1 ' 1 C (Afc ®Os)®{h®O s ), {% = !,. ..,n+ 1) 

which correspond to 5-points of M. and submodules G J Ak C (A& © Os) which correspond 
to S-points in the splitting model of 33 Theorem 15.31 now implies that the schemes A4 
are flat over SpecOjf. 

1 Genestier has pointed out to us that the orthogonal case is problematic in this respect. 
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b) Let B = F = F\ a finite field extension of Q p and let (V, { , }) be the standard 
symplectic vector space over F of dimension 2g with basis e\, . . . , e g , /i, . . . , f g , i.e 

(14.3) {a , ej } = {f i ,f j } = 0, {e u fj } = Sij . 

We set (v,w) = Tt f /q ({v,w}). In this case, G = Res^/Q GSp 2s and, in case F% is 
totally ramified over Q p , the scheme A4 can be identified with the splitting model for 
Res^/Q GSp 2s of 3^1 here Theorem 19.41 implies the truth of the above conjecture. 

Remark 14.2 An example where the methods of the previous sections do not directly 
apply is provided by the case of a group of unitary similitudes for a ramified quadratic 
extension of Q p . However, even in this case, there are instances in which we can show 
that M loc as defined above, is flat over Spec Op. We review some results from [P]. 
Let B = F a ramified quadratic extension of Q p , p odd, with the involution given by 
the non-trivial Galois automorphism. Let V = F n and denote by ej, 1 < i < n, the 
canonical Op-generators of the standard lattice Ao := O f C V. Let tt be a uniformizer 
of Of which satisfies ir* = —n. We define a non-degenerate alternating Q p -bilinear form 
( , ) : V x V — > Q p which satisfies (ax, y) = (x, a*y) for a € F by setting 

(ej,ej) = 0, (ei,nej) = 6ij , i,j = l,...,n . 

The restriction ( , ) : O f x O f — > Z p is a perfect Z p -bilinear form. Therefore, we 
have Ao = Ao and more generally 7r"Ao = 7r _n Ao. Let L be the selfdual lattice chain 
{7r n Ao}nez- Using the duality isomorphism Hohif(V,.F) ~ HomQ p (y, Q p ) given by 
composing with the trace Trp/q : F — > Q p we see that there exists a unique non- 
degenerate hermitian form : V x V — > F such that 

(x,y) = Ti F/ Q p (%- x ^(x,y)), x,y£V. 

Hence, in this case the group G can be identified with the group of unitary similitudes 
of the form <f). Now let r, s be two non-negative integers such that n = r + s. Fix a 
cocharacter fxp : G mF — > G F such that the corresponding subspace V\ of V F = F n <g) F, 
when considered as an F-module via the first factor, is isomorphic to F r © F£ where F T 
is the module obtained by F by restriction of scalars via r : F — > F. The "naive" local 
models that correspond to these choices have been studied in [P]. As was shown there, 
when \r — s\ > 1, they are not flat over SpecO^. 

Given these choices of PEL data, we can see that K = F and that for any Spec Op- 
scheme S the points A4(S) are now pairs (F 2 , F 1 ) of O f ® Os-submodules of A <8> O s 
which are locally direct summands as Os-modules and satisfy 

i) F l is isotropic for the form ( , ) on Ao ® Os] 

ii) F 2 cF 1 ; and F , F 2 have ranks n and r respectively; 

iii) det 0g (r • I - a ® 1 | F 1 ) = (T - a) r (T - t(o)) s £ O s [T], for every a £ O f ; 

iv) (a®l-l8a)(F 2 ) = (0), (a<g) 1 - 1 (g)r(a))(F 1 ) C F 2 , for every a G O f 
(the tensor products are in O f <8> O f which maps to O f ® Os)- 
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For simplicity, let us assume that r/s; then K = E = F. The naive local model 
M naive classifies isotropic Of <8> Cs-submodules F 1 of Ao (g) O5 which are locally direct 
summands of rank n as Os-modules and satisfy condition (iii) above; the morphism 
7r : A4 — » M naivc corresponds to forgetting F 2 . We can see that the scheme theoretic 
image M loc := ir(M) C M naive is contained in the closed subscheme M' r s of M naive 
described by 

A r+1 (a 1-1® r(a) | F 1 ) = (0), A s+1 (a ® 1 - 1 <g> a | F 1 ) = (0). 

By [P] Theorem 4.5 and its proof, M' r s is flat over SpecOg when r = n — 1, s = 1. 
Note that the scheme has the same generic fiber as M naive . Hence, by the above, if 
r = n - 1, s = 1, M loc = M; s is flat over SpecO^. 

In fact, the calculations described in loc. cit., 4.16 suggest that M' r s , and therefore 
also M loc , should be flat over SpecOg for all values of r, s. The discussion in loc. 
cit., 4.16 shows that this flatness statement follows if one knows that the subscheme of 
n x n-matrices over F p defined by 

{,4 G Mat nxn | A 2 = 0, A = A\ A s+l A = 0, A r+1 A = 0, det(T • / - A) = T n } 

is reduced. This can be viewed as the symmetric matrix version of a result of Strickland 
[St] (compare to [PR] Cor. 5.10) and it can be verified (for various primes p) using 
Macaulay when r, s < 5. 

In the case considered in this remark, the parahoric subgroup fixing the lattice chain C 
is a special maximal parahoric. For more general lattice chains one encounters additional 
problems. 



15 Moduli spaces of abelian varieties 

In this section we briefly indicate the construction of moduli spaces of abelian varieties 
corresponding, in a sense made precise by the diagram 1)15.4(1 below, to the splitting and 
local models of the previous section. The use of the language of algebraic stacks in (|15.4j) 
replaces the method of linear modifications of [P]; its mathematical content is the same. 
The reader can refer to [LMB] for background on the theory of algebraic stacks. 

In this section we will use the following notation, taken from [RZ], ch. 6. Let B 
be a semi-simple algebra over Q and let * be a positive involution on B. Let V be a 
finite-dimensional Q-vector space with a nondegenerate alternating bilinear form ( , ) 
with values in Q. We assume that V is equipped with a -B-module structure such that 

(bv,w) = (v,b*w), v,w£V, b£B . 

Let G C GLb(V) be the closed algebraic subgroup over Q such that 

G(Q) = {g G GL B (V) I (gv,gw) = c(g)(v,w), c(g) G Q} . 
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Let <S = Rc/R,G m and let h : S — > Gr be a homomorphism satisfying the usual Riemann 
bilinear relations (cf. loc.cit.). We have a corresponding Hodge decomposition 

V <g> C = V Q Vi 

and a corresponding cocharacter fiofG defined over C. We let E C Q be the correspond- 
ing Shimura field. We now fix a prime number p and choose an embedding Q — > Q p . 
The corresponding z/-adic completion of E 1 will be denoted E^. Let C p C G(A^) be an 
open compact subgroup. 

We consider an order Ob of B such that (3b <8> Z p is a maximal order of B <g> Q p . We 
assume that Ob <8> Z p is invariant under the involution. We also fix a selfdual periodic 
multichain C of Ob <8> Z p -lattices in V ® Q p with respect to the alternating form ( , ). 

We recall from loc.cit. the definition of a moduli problem Acv over (Sch/ Spec OeJ)- 
It associates to a O^-scheme S the following set of data up to isomorphism: 

1. An £-set of abelian varieties A = {^La}- 

2. A Q-homogeneous principal polarization A of the £-set A. 

3. A C p -level structure 

rj : H ± (A, A p f ) ~ V ® mod C p , 

which respects the bilinear forms on both sides up to a constant in (A^) x . 

We require an identity of characteristic polynomials, 

det(T • I - b | Lie A A ) = det(T ■ I - b \ V ), b G B , A G £ . 

For the definitions of the terms employed here we refer to loc.cit., 6.3-6.8. We only 
mention that A is a functor from the category C to the category of abelian schemes 
over S up to isogeny of order prime to p, with Oe-action, and that a polarization A is a 
0£-rmear homomorphism from A to the dual £-set A (for which A A = (^4a*) a ). 

The functor Acv is representable by a quasi-projective scheme over Oe v -> provided 
that C p is sufficiently small. 

We denote by Ma the Lie algebra of the universal extension of A\. Then {Ma} 
is a polarized multichain of {Ob ® Z p ) ®z p Os-modules on S of type (£) in the sense 
of [RZ], Def. 3.14. Let Acv be the functor which to S G {ScIi/Oe^) associates the 
isomorphism classes of objects (A, \,fj) of Acv(S) and an isomorphism of polarized 
multichains between {M\} and C (g>z p Os- By [P], Thm. 2.2 (a slight extension of [RZ] 
Thm. 3.16), the forgetful morphism 

(15.1) 7r : Acv — ► Acv 

is a principal homogeneous space, locally trivial for the etale topology, under the smooth 
group scheme Q Xs pcc z p Spec Oe v - Here Q = Aut (£) is the group scheme over Spec Z p 
with C p = Q{2ip) the subgroup of G(Q P ) fixing the lattice chain C 

The Lie algebra Lie A^ is a factor module t\ of Ma. Using the identification of M\ 
with A <2>z p Os over Acv we therefore obtain a point of the naive local model M naive 
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defined in terms of the Z p -data (B <8> Q p , Ob <8> Z p , F ® Q p , £) induced from our global 
data, 



(15.2) £ : A> — » M naive . 

Since </5 is obviously equivariant for the action of Q (dZp^E^ , <P corresponds to a relatively 
representable morphism of algebraic stacks 

(15.3) if : Acp — [M naive /S ® Zp Ob,] • 

By [P], Thm. 2.2, (a slight extension of [RZ], Prop. 3.3), the morphism <p is smooth of 
relative dimension dim G. Let us form the cartesian product of <p with the morphisms 
M. — ► M loc <^-> M naive , where .M denotes the splitting model over Ok , with K the Galois 
closure of E v , 

Af P [M/Go K ] 

i i 
(15-4) A l S c P — [M loc /Go E J 

i i 
A C p — [M naive /S 0i5 J. 

The scheme .4^ is a closed subscheme of Acp and is the image of A S qI in Acp- The 
scheme .A^ is a linear modification of .Ac* in the sense of [P]; likewise, Ag^ is a linear 
modification of Acp ®0 Ejj @k ■ 

The C?ft--scheme A s £l represents the following moduli problem on (Sch/Ox)- It asso- 
ciates to S the set of isomorphism classes of objects (A, A, rj, J 7 ). Here (A = {Aa}, \,rj) 
is an object of Acp(S). 

Let F\ be the invariants under * in the center F of B <g> Q p . Then Fi is a direct sum 
of fields, 



(15.5) F 1 = F 1 , 1 @...®F 1 , r . 

For A; = 1, . . . , r, let be the degree over Q p of the direct summand of F corresponding 
to the direct summand F\^ of F\. Let M\ be the Lie algebra of the universal extension 
of A \ and let -Fa be the kernel of the factor map from M\ to Lie A a. Then the action 
of Of 1 on Ma and Fa induces decompositions 

r r 

M A = 0M A , fe , F A = 0F A , fc . 

k=l k=l 

The final ingredient T of an object of A S qI(S) is a collection of functors A i— > F A fc for 
A; = 1, . . . , r and i = 1, . . . , n^, with functor morphisms j\ k : F A k — > .1/ \ /,.. satisfying 
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for each k = 1, . . . , r the conditions in Definition 114,11 when A (g> Os is replaced by 
and (Fi,f A ) by {F{ k ,j\ k ), and such that F\ k = F A)k . 

On the other hand, it seems that one cannot hope in general to be able to describe 
a "simple and explicit" moduli problem over Oe that is represented by A l ^p. This is of 
course a question of finding the appropriate conditions on F\ = ker(M J \ — > hie(A^)) that 
would cut out the closed subscheme A^p C Acp (see [PR] Theorem 5.7 for an example 
in which such explicit -but quite complicated- conditions are proposed). 
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